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����������� ����������������� Ǳ���

�¢®©áâ¢  ª« áá¨ç¥áª®£® í«¥ªâà®¬ £¨â®£® ¯®«ï ®¯à¥¤¥«ïîâáï ãà ¢¥¨ï¬¨
� ªá¢¥«« 

rot ~H �

1

c

@ ~E

@t
=

4�

c
~j; div ~E = 4��;

rot ~E +
1

c

@ ~H

@t
= 0; div ~H = 0;

¢ ª®â®àëå ¯«®â®áâ¨ § àï¤  ¨ â®ª  á¢ï§ ë ãà ¢¥¨¥¬ ¥¯à¥àë¢®áâ¨

div~j +
@�

@t
= 0:

�ë ã¬¥¥¬ ª¢ â®¢ âì á¨áâ¥¬ë, ãà ¢¥¨ï ¤¢¨¦¥¨ï ª®â®àëå ¬®¦® ¯à¥¤áâ ¢¨âì ¢
ä®à¬¥ ãà ¢¥¨© � ¬¨«ìâ® . �®¦® «¨ á¢¥áâ¨ ª ¨¬ ãà ¢¥¨ï � ªá¢¥«« ? �®à®-

è® ¨§¢¥áâ®, ª ª íâ® ¤¥« ¥âáï.
Ǳ®áª®«ìªã ¤¨¢¥à£¥æ¨ï  ¯àï¦¥®áâ¨¬ £¨â®£® ¯®«ï à ¢  ã«î, â® ¥¥ ¬®¦®

¯à¥¤áâ ¢¨âì ª ª à®â®à ¤àã£®£® ¢¥ªâ®à  | ¢¥ªâ®à®£® ¯®â¥æ¨ «  ~A:

~H = rot ~A:

Ǳ®á«¥ íâ®£® ¢â®à®¥ ®¤®à®¤®¥ ãà ¢¥¨¥ � ªá¢¥««  ¬®¦® ¯à¨¢¥áâ¨ ª ä®à¬¥

rot( ~E +
1

c

@ ~A

@t
) = 0:

�â® ¯®§¢®«ï¥â ¢ëà §¨âì í«¥ªâà¨ç¥áªãî  ¯àï¦¥®áâì ª ª

~E = �

1

c

@ ~A

@t
� grad�:

�ãªæ¨î �  §ë¢ îâ áª «ïàë¬ ¯®â¥æ¨ «®¬.

� ç¥¨ï  ¯àï¦¥®áâ¥© ¥ ¨§¬¥ïîâáï ¯à¨ ª «¨¡à®¢®çëå ¯à¥®¡à §®¢ -

¨ïå
~A =) ~A + grad�;

� =) � �

1

c

@�

@t
:

�ãªæ¨î � ¬®¦® ¢ë¡à âì â ª, çâ®¡ë ¢ë¯®«ï«®áì à ¢¥áâ¢®

div ~A = 0:

� íâ®¬ á«ãç ¥ £®¢®àïâ ® ªã«®®¢®© ª «¨¡à®¢ª¥.
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� ªã«®®¢®© ª «¨¡à®¢ª¥ ¢â®à®¥ ¥®¤®à®¤®¥ ãà ¢¥¨¥ � ªá¢¥««  ¯à¨¨¬ ¥â

¢¨¤
div ~E = �r

2� = 4��:

�¥è¥¨¥ íâ®£® ãà ¢¥¨ï

�(~r; t) =

Z
�(~r

0

; t)

j~r � ~r
0

j

d~r
0

:

¯®ª §ë¢ ¥â, çâ® § ç¥¨ï áª «ïà®£® ¯®â¥æ¨ «  ®¯à¥¤¥«ï¥âáï ¬£®¢¥ë¬ à á¯à¥-

¤¥«¥¨¥¬ § àï¤®¢, â.¥. ¢ ªã«®®¢®© ª «¨¡à®¢ª¥ áª «ïàë© ¯®â¥æ¨ « �(~r; t) ¥
ï¢«ï¥âáï ¥§ ¢¨á¨¬®© ¤¨ ¬¨ç¥áª®© ¯¥à¥¬¥®©.

Ǳ®á«¥¤¥¥ ¨§ ãà ¢¥¨© � ªá¢¥««  ¯à¨¨¬ ¥â ¢¨¤

1

c2
@2 ~A

@t2
� r

2 ~A =
4�

c
~j?;

£¤¥ ¢¥ªâ®à ~j?, à ¢ë©

~j? = ~j �

1

c
r

@�

@t
;

ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î
div~j? = 0:

� ª¨¬ ®¡à §®¬ ¢ ªã«®®¢®© ª «¨¡à®¢ª¥ á¢®©áâ¢  í«¥ªâà®¬ £¨â®£® ¯®«ï

®¯à¥¤¥«ïîâáï ¢¥ªâ®àë¬ ¯®â¥æ¨ «®¬ ~A, ã¤®¢«¥â¢®àïé¨¬ ¤®¯®«¨â¥«ì-
®¬ã ãá«®¢¨î

div ~A = 0:

�â®¡ë ¯¥à¥©â¨ ª ®¡ëª®¢¥ë¬ ¤¨ää¥à¥æ¨ «ìë¬ ãà ¢¥¨ï¬, á®¤¥à¦ é¨¬
â®«ìª® äãªæ¨¨ ¢à¥¬¥¨, ã¤®¡® ¢ë¤¥«¨âì ï¢® â®, çâ® ®¯à¥¤¥«ï¥â ¢¥ªâ®àë¥ á¢®©-
áâ¢  ¯®«ï. �¥å¨ç¥áª¨ íâ® ¯à®é¥ ¢á¥£® ¤¥« âìáï á«¥¤ãîé¨¬ á¯®á®¡®¬. Ǳà¥¤¯®« £ -
¥âáï, çâ® ¯®«¥ § ª«îç¥® ¢ ªã¡¥ ®¡ê¥¬  V = L3. �â® ¯®§¢®«¨â à §«®¦¨âì ¯®â¥æ¨ «
¢ àï¤ �ãàì¥.

~A(~r) =
X

~f
(ei

~f~r ~A~f
+ e�i

~f~r ~A�~f ):

�å®¤ïé¨¥ ¢ àï¤ �ãàì¥ á« £ ¥¬ë¥ á£àã¯¯¨à®¢ ë â ª, çâ®¡ë íâ® à §«®¦¥¨¥  ¢â®¬ -
â¨ç¥áª¨ ¯à¨¢®¤¨«® ª ¤¥©áâ¢¨â¥«ì®© áã¬¬¥

~A = ~A�:

�à¥¡®¢ ¨¥ á ¬®á®¯àï¦¥®áâ¨ ®¯¥à â®à  ¨¬¯ã«ìá  ¯à¨¢®¤¨â ª ãá«®¢¨î ¯¥à¨®¤¨ç-

®câ¨
~A(x� + L) = ~A(x�):

�â® ãá«®¢¨¥ ®¯à¥¤¥«ï¥â ¢®§¬®¦ë¥ § ç¥¨ï ~f :

~f =
2�

L
~n;
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£¤¥ ~n | ¢¥ªâ®à á æ¥«®ç¨á«¥ë¬¨ á®áâ ¢«ïîé¨¬¨

~n = (n1; n2; n3) n� = 0;�1;�2; :::::

�á«®¢¨¥ div ~A = 0 ¯à¨¢®¤¨â ª à ¢¥áâ¢ã

div ~A(~r) = i
X

~f
(ei

~f~r(~f ~A~f
) � e�i

~f~r(~f ~A�~f )) = 0:

�® ¡ã¤¥â ã¤®¢«¥â¢®à¥®  ¢â®¬ â¨ç¥áª¨, ¥á«¨ ¯®¤ç¨¨âì ª®íää¨æ¨¥âë ~A~f
ãá«®¢¨ï¬

~f ~A~f
= 0; ~f ~A�~f = 0:

�¥è¥¨ï ¯®«ãç¥ëå ãà ¢¥¨© ¨¬¥îâ ¢¨¤

~A~f
=

X2

�=1
~e�(~f )A�(~f ); = ~A�~f =

X2

�=1
~e�(~f )A�(~f )

�

£¤¥ ¢¥ªâ®àë ~e ã¤®¢«¥â¢®àïîâ á®®â®è¥¨ï¬ ®àâ®£® «ì®áâ¨

~e�1(
~f )~e�2(

~f ) = Æ�1�2; ~e�1(
~f ) � ~e�2(

~f ) =
~f

j
~f j
:

¨ ¯®«®âë X
�
~e��~e�� = Æ�� �

f�f�
~f2

:

� «¥¥ ãâ®çï¥âáï ¢¨¤ ª®íää¨æ¨¥â®¢ A�(~f ):

A�(~f ) = B(j~f j)a�(~f ); A�
�(~f ) = B(j~f j)a�

�(~f );

£¤¥

B(j~f j) = c

s
2��h

V !(j~f j)
; !(j~f j) = cj~f j:

�®íää¨æ¨¥âë B(j~f j) ¢ë¡¨à îâáï â ª, çâ®¡ë í¥à£¨ï í«¥ªâà®¬ £¨â®£® ¯®«ï

E =
1

8�

Z
( ~E2 + ~H2)d~r;

ª®â®à ï ¢ ªã«®®¢®© ª «¨¡à®¢ª¥ ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

E =
1

8�

Z
d~r((rot ~A)2 +

1

c2
(
@ ~A

@t
)2) +

1

2

Z
d~rd~r

0 �(~r)�(~r
0

)

j~r � ~r
0

j

;

¢ á«ãç ¥ á¢®¡®¤®£® ¯®«ï (� = 0) ¯à¨¨¬ «  ¢¨¤

E � H(a�(~f ); a
�
�(~f )) =

X
~f;�

�h!(~f )a��(~f )a�(~f ):
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Ǳ®á«¥ ¯®¤áâ ®¢ª¨ ¢ ãà ¢¥¨¥ M ªá¢¥««  à §«®¦¥¨ï ¯®â¥æ¨ «  ¢ àï¤ �ãàì¥ ¯®-

«ãç ¥âáï ¤®«£®¦¤  ï á¨áâ¥¬  ãà ¢¥¨© ¤«ï ª®íää¨æ¨¥â®¢ a�(~f ):

1

c2
d2a�(~f )

dt2
+ ~f2a�(~f ) = j�(~f );

1

c2
d2a�

�(~f )

dt2
+ ~f2a�

�(~f ) = j�
�(~f );

£¤¥ j�(~f ) | ª®íää¨æ¨¥âë �ãàì¥ ¯«®â®áâ¨ â®ª .

� á«ãç ¥ á¢®¡®¤®£® ¯®«ï «î¡®¥ à¥è¥¨¥ íâ¨å ãà ¢¥¨© á¢®¤¨âáï ª áã¯¥à¯®§¨æ¨¨
äãªæ¨©

a�(~f ; t) = a�(~f )e
�i!(~f )t;

a�
�(~f ; t) = a�

�(~f )ei!(
~f )t

á ¯à®¨§¢®«ìë¬¨ ª®¬¯«¥ªáë¬¨ ç¨á« ¬¨ a�(~f ) ¨ a�
�(~f ).

�â¨ äãªæ¨¨ | à¥è¥¨ï ãà ¢¥¨© ¯¥à¢®£® ¯®àï¤ª 

d

dt
a�(~f ; t) = �i!(~f )a�(~f ; t);

d

dt
a�
�(~f ; t) = �i!(~f )a�

�(~f ; t);

�á«¨ à áá¬ âà¨¢ âì a�(~f ) ¨ a�
�(~f ) ª ª ¥§ ¢¨á¨¬ë¥ ¯¥à¥¬¥ë¥, â® ¯à¨¢¥¤¥ë¥

¢ëè¥ ãà ¢¥¨ï ¬®¦® § ¯¨á âì ª ª ãà ¢¥¨ï � ¬¨«ìâ® 

d

dt
a�(~f ; t) = �

i

�h

@H

@a��(~f )
;

d

dt
a�
�(~f ; t) =

i

�h

@H

@a�(~f )
:

�á«¨ F | ¯à®¨§¢®«ì ï äãªæ¨ï a�(~f ) ¨ a�
�(~f ), â® ¥¥ ¯à®¨§¢®¤ ï ¯® ¢à¥¬¥¨

à ¢ 
dF

dt
=

X
~f;�

@F

@a��(~f )

d

dt
a�
�(~f ) +

@F

@a�(~f )

d

dt
a�(~f ) =

i

�h

X
~f;�

@H

@a�(~f )

@F

@a��(~f )
�

@H

@a��(~f )

@F

@a�(~f )

�á«¨ ®¯à¥¤¥«¨âì áª®¡ªã Ǳã áá®  äãªæ¨© A ¨ B

fA;Bg =
X
~f;�

@A

@a�(~f )

@B

@a��(~f )
�

@A

@a��(~f )

@B

@a�(~f )
;
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â® ¯à®¨§¢®¤ãî F ¬®¦® § ¯¨á âì ¢ ä®à¬¥

dF

dt
=

i

�h
fH;Fg:

�«ï ¤ «ì¥©è¥£® áãé¥áâ¢¥®, çâ® áª®¡ª  Ǳã áá®  äãªæ¨© a�(~f ) ¨ a�
�(~f ) à ¢ 

á®®â¢¥áâ¢ãîé¨¬ á¨¬¢®« ¬ �à®¥ª¥à 

fa�(~f ); a�0

�(~f1)g = Æ�;�0Æ~f ;~f1 :

�â® á®®â®è¥¨¥ ¢¬¥áâ¥ á   «®£¨çë¬¨ à ¢¥áâ¢ ¬¨

fa�(~f ); a�0 (~f1)g = 0;

fa�
�(~f ); a�0

�(~f1)g = 0:

¬®¦® ¯à¨ïâì §  ®¯à¥¤¥«¥¨¥ ¢¥«¨ç¨ a�(~f ) ¨ a�
�(~f ).

�¥âàã¤® ¯à®ª¢ â®¢ âì í«¥ªâà®¬ £¨â®¥ ¯®«¥ | ®¯à¥¤¥«¨âì ®¯¥à â®à ¢¥ª-

â®à®£® ¯®â¥æ¨ «  ¢ ªã«®®¢®© ª «¨¡à®¢ª¥. �«ï íâ®£® ®¯à¥¤¥«ïîâ ¯ àë íà¬¨â®¢®
á®¯àï¦¥ëå ®¯¥à â®à®¢ â�(~f ) ¨ â��(

~f ), ã¤®¢«¥â¢®àïîé¨å ¯¥à¥áâ ®¢®çë¬ á®®â®-
è¥¨ï¬

[â�(~f ); â�0 (~f1)g = 0;

[â��(
~f ); â�

�
0 (~f1)g = 0;

â�(~f ); â
�

�
0 (~f1)g = Æ�;�0 Æ~f;~f1 :

�á®¢ ï ¤¨ ¬¨ç¥áª ï ¯¥à¥¬¥ ï ¯®«ï áâ ®¢¨âáï ®¯¥à â®à®¬

Â(~r) =
X
~f;�

B(~f )~e�(~f )(â�(~f )e
i~f~r + â��(

~f )e�i
~f~r;

  ®¯¥à â®àë í¥à£¨¨ ¨ ¨¬¯ã«ìá  í«¥ªâà®¬ £¨â®£® ¯®«ï ®¯à¥¤¥«ïîâáï ¢ëà ¦¥¨ï¬¨

Ĥ =
X
~f ;�

�h!(~f )n̂~f;�
;

~̂P =
X
~f ;�

�h~fn̂~f ;�
;

£¤¥ á ¬®á®¯àï¦¥ë¥ ®¯¥à â®àë n̂~f;�
, à ¢ë

n̂~f;�
= â��(

~f )â�(~f ):
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