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��������� ����������

� ¯à®è«®¬ á¥¬¥áâà¥ ¬ë ã§ «¨, çâ® ª¢ â®¢ ï ¬¥å ¨ª , ª ª â®ç ï  ãª , ¢¥¤¥â

á¢®¥  ç «® á 1925 £®¤ .

�¬¥® ¢ íâ®¬ £®¤ã � ©§¥¡¥à£ ãáâ ®¢¨«, çâ® ª®¬¡¨ æ¨®ë© ¯à¨æ¨¯ �¨âæ 

âà¥¡ã¥â ¯¥à¥á¬®âà  ª¨¥¬ â¨ç¥áª¨å ¯à¥¤áâ ¢«¥¨©, «¥¦ é¨å ¢ ®á®¢¥ ª« áá¨ç¥áª®©

ä¨§¨ª¨. � ¯®ª § «, çâ® ¢ â¥®à¨¨, ª®â®à ï ¥ ¡ã¤¥â ¯à®â¨¢®à¥ç¨âì ¯à¨æ¨¯ã �¨âæ ,

á ä¨§¨ç¥áª¨¬¨ ¢¥«¨ç¨ ¬¨ á«¥¤ã¥â á®¯®áâ ¢«ïâì  ¡®àë ç¨á¥«, ã¬¥àã¥¬ëå ¯ à®©

ç¨á¥«, â.¥. ¬ âà¨æë. Ǳ®áª®«ìªã ¬ âà¨æë ¬®¦® à áá¬ âà¨¢ âì ª ª ª®®à¤¨ âãî

à¥ «¨§ æ¨î «¨¥©ëå ®¯¥à â®à®¢, ¬®¦® ¯à¨ïâì ¢ ª ç¥áâ¢¥ ¯®áâã« â  á«¥¤ãî-

é¥¥ ãâ¢¥à¦¤¥¨¥

¤¨ ¬¨ç¥áª¨¬ ¯¥à¥¬¥ë¬ ä¨§¨ç¥áª®© á¨áâ¥¬ë á®®â¢¥âáâ¢ãîâ «¨¥©ë¥

®¯¥à â®àë ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥.

�¨«ì¡¥àâ®¢® ¯à®áâà áâ¢®, ª ª ¨§¢¥áâ®, | íâ® «¨¥©®¥ ¯à®áâà áâ¢® á ®¯à¥-

¤¥«¥ë¬ ¢ ¥¬ áª «ïàë¬ ¯à®¨§¢¥¤¥¨¥¬. �â®¡ë  ¯®¬¨âì á¬ëá« â¥à¬¨®¢, ª®â®-

àë¥ ¡ã¤ãâ ¯®áâ®ï® ã¯®âà¥¡«ïâìáï ¢ ¤ «ì¥©è¥¬, ¯à¥¤¯®«®¦¨¬, çâ® £¨«ì¡¥àâ®¢®

¯à®áâà áâ¢® ®¯à¥¤¥«¥® ª ª ¬®¦¥áâ¢® ª¢ ¤à â¨ç® ¨â¥£à¨àã¥¬ëå äãªæ¨© ¥ª®-

â®à®£® ç¨á«  ¤¥©áâ¢¨â¥«ìëå ¯¥à¥¬¥ëå q:

H =  (q);

Z
j (q)j2dq < 1

�ª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢ íâ®¬ ¯à®áâà áâ¢¥ ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

<  1j 2 > =

Z
 
�

1(q) 2(q)dq:

�á«¨ ®¡à é âìáï á Æ-äãªæ¨ï¬¨ ª ª á ®¡ëçë¬¨, â® ¢á¥ ¥®¡å®¤¨¬ë¥  ¬ «¨¥©ë¥

®¯¥à â®àë ¬®¦® áç¨â âì ¨â¥£à «ìë¬¨:

 (q))  
0

(q) = (F̂ )(q) =

Z
F (q; q

0

) (x
0

)dq
0

;

¨ á®¯®áâ ¢«ïâì á ®¯¥à â®à®¬ F̂ ¨â¥£à «ì®¥ ï¤à® F (q; q
0

)

F̂ , F (q; q
0

):

�«ï ®¯à¥¤¥«¥¨ï ¤¥©áâ¢¨â¥«ìëå ¢¥«¨ç¨ ¯à¨¡¥£ îâ ª ¯®¬®é¨ íà¬¨â®¢®£® á®¯àï-

¦¥¨ï. �® ¢áïª¨¬ ï¤à®¬ F (q; q
0

) ¬®¦® á®¯®áâ ¢¨âì íà¬¨â®¢® á®¯àï¦¥®¥ ï¤à®

F
+(q; q

0

) = F
�(q

0

; q)

¨ íà¬¨â®¢® á®¯àï¦¥ë© ®¯¥à â®à F̂+

(F̂+
 )(q) =

Z
F
+(q; q

0

) (q
0

)dq
0

:
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Ǳ®áª®«ìªã ¤¢ãªà â®¥ íà¬¨â®¢® á®¯àï¦¥¨¥ ¯à¨¢®¤¨â ª ¯¥à¢® ç «ì®¬ã ®¯¥à â®àã:

(F+)+(q; q
0

) = (F+)�(q
0

; q) = F (q; q
0

);

â® íà¬¨â®¢® á®¯àï¦¥¨¥ ®¯¥à â®à®¢   «®£¨ç® ®¡ëç®¬ã á®¯àï¦¥¨î ª®¬¯«¥ªáëå

ç¨á¥«. Ǳ®á«¥ íâ®£®  ¯à è¨¢ ¥âáï ®¯à¥¤¥«¥¨¥:

¥á«¨ ¢¥«¨ç¨¥ F á®®â¢¥âáâ¢ã¥â ®¯¥à â®à F̂ , â® ª®¬¯«¥ªá® á®¯àï¦¥®©

¢¥«¨ç¨¥ F � á®®â¢¥âáâ¢ã¥â íà¬¨â®¢® á®¯àï¦¥ë© ®¯¥à â®à F̂+:

F () F̂ ; F
� () F̂

+
:

� á¨«ã íâ®£® á®£« è¥¨ï á ¤¥©áâ¢¨â¥«ìë¬¨ ¢¥«¨ç¨ ¬¨ á®¯®áâ ¢«ïîâáï á ¬®á®¯àï-

¦¥ë¥ (¨«¨ íà¬¨â®¢ë) ®¯¥à â®àë:

F = F
� () F̂ = F̂

+
:

�â®¡ë ®¯¥à¨à®¢ âì á äãªæ¨ï¬¨ ®¯¥à â®à®¢, ã¦® ®¯à¥¤¥«¨âì áã¬¬ã ¨ ¯à®¨§¢¥¤¥¨¥

®¯¥à â®à®¢. Ǳ¥à¢ ï ¢¥«¨ç¨  ®¯à¥¤¥«ï¥âáï á®£« è¥¨¥¬:

Ĝ = C1F̂1 + C2F̂2 () G(q; q
0

) = C1F1(q; q
0

) + C2F2(q; q
0

);

  á ¯à®¨§¢¥¤¥¨¥¬ ®¯¥à â®à®¢ á®¯®áâ ¢«îâ ª®¬¯®§¨æ¨î ï¤¥à á®¬®¦¨â¥«¥©:

G(q; q
0

) =

Z
F1(q; q

00

)dq
00

F2(q
00

; q
0

) () Ĝ = F̂1F̂2:

Ǳà®¨§¢¥¤¥¨¥ ®¯¥à â®à®¢ ®áãé¥áâ¢«ï¥â ¯à¥®¡à §®¢ ¨¥ ¢¥ªâ®à  ¢ ¤¢  ¯à¨¥¬ :

(F̂1F̂2)	 = F̂1(F̂2	):

Ǳ®«¥§® ¯®¬¨âì, çâ® ã¬®¦¥¨¥ ®¯¥à â®à®¢ ¥ª®¬¬ãâ â¨¢®,

F̂1F̂2 6= F̂2F̂1;

¨ çâ® ¢¥«¨ç¨ã

Ĝ = F̂1F̂2 � F̂2F̂1 � [F̂1; F̂2]

 §ë¢ îâ ª®¬¬ãâ â®à®¬ ®¯¥à â®à®¢ F̂1 ¨ F̂2.

��������� ��������� ������

� 1927 £®¤ã ä®-�¥©¬  ®¡êïá¨«, ª ª ¬®¦® áâà®£® ®¯à¥¤¥«¨âì ¯®ïâ¨¥ á®-

áâ®ï¨ï ä¨§¨ç¥áª®© á¨áâ¥¬ë. � ä¨§¨ª¥ ¢á¥ á¢¥¤¥¨ï ® á¢®©áâ¢ á¨áâ¥¬ âà¥¡ãîâ

¯à®¢¥¤¥¨ï ¥ª®â®àëå ¨§¬¥à¥¨©,   à¥§ã«ìâ â®¬ ¨§¬¥à¥¨ï, ¢ ª®¥ç®¬ áç¥â¥, ï¢«ï-

¥âáï ¥ª®â®à®¥ ç¨á«®, ª®â®à®¬ã ¯à¨¤ îâ á¬ëá« áà¥¤¥£® § ç¥¨ï â®© ¨«¨ ¨®©

ä¨§¨ç¥áª®© ¢¥«¨ç¨ë. Ǳ®íâ®¬ã ¤«ï áà ¢¥¨¥ â¥®à¨¨ á íªá¯¥à¨¬¥â®¬ ¢®§¬®¦®

â®«ìª® ¯®á«¥ â®£®, ª ª ¡ã¤¥â  ©¤¥  ä®à¬ã«  ¢ëç¨á«¥¨ï áà¥¤¨å § ç¥¨©. �â®
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®§ ç ¥â, çâ® á«¥¤ã¥â ®¯à¥¤¥«¨âì ç¨á«® < F̂ > - äãªæ¨î ®¯¥à â®à  F̂ . �®-�¥©¬ 

¯®âà¥¡®¢ «, çâ®¡ë íâ  äãªæ¨ï ã¤®¢«¥â¢®àï«  á«¥¤ãîé¨¬ ãá«®¢¨ï¬:

1) < Ê > = 1 | áà¥¤¥¥ § ç¥¨¥ ¥¤¨¨æë à ¢® ¥¤¨¨æ¥;

2) < C1F̂1 + C2F̂2 > = C1 < F̂1 > +C2 < F̂1 > | áà¥¤¥¥ § ç¥¨¥ áã¬¬ë

à ¢® áã¬¬¥ áà¥¤¨å § ç¥¨©;

3) < F̂
+
> = (< F̂ >)� | áà¥¤¨¥ § ç¥¨ï ª®¬¯«¥ªá® á®¯àï¦¥ëå ¢¥«¨ç¨

ª®¬¯«¥ªá® á®¯àï¦¥ë;

4) ¥á«¨ F̂ | ¥®âà¨æ â¥«ì ï ¢¥«¨ç¨ , â® ¥¥ áà¥¤¥¥ â ª¦¥ ¥®âà¨æ â¥«ì®:

F̂ � 0 =) < F̂ > � 0.

�ª § «®áì, çâ® íâ¨ ãá«®¢¨ï ®¤®§ ç® ®¯à¥¤¥«ïîâ äãªæ¨î < F̂ >:

< F̂ > = Tr(F̂ �̂):

Ǳà ¢ ï ç áâì íâ®© ä®à¬ã«ë á®¤¥à¦¨â ®¯¥à â®à �̂, ª®â®àë© ¤®«¦¥ ã¤®¢«¥â¢®àïâì

ãá«®¢¨ï¬

I. �̂+ = �̂.

II. Tr�̂ = 1.

III. �«ï ª ¦¤®£® ¢¥ªâ®à  	 ¨§ H á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® < 	j�̂	 > � 0.

�®-�¥©¬  ¯à¥¤«®¦¨« á¢ï§ë¢ âì ª ¦¤ë© ¨§ ®¯¥à â®à®¢ �̂ á ¥ª®â®àë¬ á®áâ®ï¨¥¬

á¨áâ¥¬ë. �â® ¯à¨¢®¤¨â ª ®¯à¥¤¥«¥¨î:

Ǳà®¨§¢®«ì®¬ã á®áâ®ï¨î á¨áâ¥¬ë á®®â¢¥â¢ã¥â «¨¥©ë© ®¯¥à â®à �̂ á® á¢®©-

áâ¢ ¬¨ I. - III.

Ǳ®á«¥ íâ®£® ¬®¦® áª § âì, çâ® áà¥¤¥¥ § ç¥¨¥ ¢¥«¨ç¨ë F̂ ¢ á®áâ®ï¨¨

�̂ à ¢®

< F̂ >� = Tr(F̂ �̂):

Ǳ®áª®«ìªã ®á®¢®¥  § ç¥¨¥ ®¯¥à â®à  �̂|¢ëç¨á«¥¨¥ áà¥¤¨å, ¥£®  §ë¢ îâ

¬ âà¨æ¥© ¯«®â®áâ¨. �®¦® áª § âì, çâ® ¬ âà¨æ  ¯«®â®áâ¨ | íâ® íà¬¨â®¢

¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ë© ®¯¥à â®à á ¥¤¨¨çë¬ á«¥¤®¬.

�®-�¥©¬  ¤ « ®¡ê¥ªâ¨¢®¥ ®¯à¥¤¥«¥¨¥ á®áâ®ï¨ï. � ¦¥, áä®à¬ã«¨à®-

¢ ¢ â¥®à¨î ¨§¬¥à¥¨©, ¢ëïá¨« ª ª á ¯®¬®éìî ¨§¬¥à¥¨© ¬®¦® ¢ëïá¨âì, ¢ ª ª®¬

á®áâ®ï¨¨  å®¤¨âáï á¨áâ¥¬ .

�«ï íâ®£®, ¥áâ¥áâ¢¥®, ¥®¡å®¤¨¬ë ¬ ªá¨¬ «ì® â®çë¥ ¨§¬¥à¥¨ï. Ǳ®íâ®¬ã

á«¥¤ã¥â ¤ âì ®¯à¥¤¥«¥¨¥ â®ç®£® § ç¥¨ï ä¨§¨ç¥áª®© ¢¥«¨ç¨ë. �¥®à¨ï ¢¥-

à®ïâ®áâ¨ ãç¨â, çâ® ¤«ï íâ®£® ã¦® ®¡à â¨âìáï ª ¯®ïâ¨î ¤¨á¯¥àá¨¨.

�¨á¯¥àá¨ï ¢¥«¨ç¨ë F̂ ¢ á®áâ®ï¨¨ �̂ | íâ® ç¨á«®, à ¢®¥

D�(F̂ ) = < F̂
2
>� �(< F̂ >�)

2 = < (F̂� < F̂ >� Ê)
2
>� :

Cà¥¤¥¥ § ç¥¨¥ ¤¥©áâ¢¨â¥«ì®© ¢¥«¨ç¨ë ¤¥©áâ¢¨â¥«ì®, ¯®íâ®¬ã ¤¨á¯¥àá¨ï ¤¥©-

áâ¢¨â¥«ì®© ¢¥«¨ç¨ë ¥®âà¨æ â¥«ì . �áâ¥áâ¢¥® áª § âì, çâ®

¤¥©áâ¢¨â¥«ì ï ¢¥«¨ç¨  F̂ ¨¬¥¥â â®ç®¥ § ç¥¨¥ ¢ á®áâ®ï¨¨ �, ¥á«¨ ¥¥ ¤¨á-

¯¥àá¨ï ¢ íâ®¬ á®áâ®ï¨¨ à ¢  ã«î.

�§¢¥áâ®, çâ® ª ¦¤ãî ª®¥ç®¬¥àãî íà¬¨â®¢ã ¬ âà¨æã ¬®¦® ¯à¨¢¥áâ¨ ª ¤¨ -

£® «ì®¬ã ¢¨¤ã. � á«ãç ¥ ¡¥áª®¥ç®¬¥à®© ¬ âà¨æë íâ® ¥ â ª. �ãé¥áâ¢ãîâ
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¡¥áª®¥ç®àï¤ë¥ íà¬¨â®¢ë ¬ âà¨æë ( ¯à¨¬¥à ¨¬¯ã«ìá  ¨ ª®®à¤¨ âë), ª®â®àë¥

¥«ì§ï ¯à¨¢¥áâ¨ ª ¤¨ £® «ì®© ä®à¬¥. Ǳ®íâ®¬ã æ¥«¥á®®¡à §® ¢ë¤¥«¨âì ®á®¡ë©

ª« áá ®¯¥à â®à®¢ | ®¯¥à â®àë á ç¨áâ® ¤¨áªà¥âë¬ á¯¥ªâà®¬. � ª  §ë¢ îâ

®¯¥à â®àë, ª®â®àë¥ ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ä®à¬¥

F̂ =
X

n

fnP̂n;

£¤¥ ¢á¥ ç¨á«  fn à §«¨çë:

fm 6= fn; ¥á«¨ m 6= n;

  ®¯¥à â®àë P̂n ®¡« ¤ îâ á¢®©áâ¢ ¬¨

P̂
+
n

= P̂n; P̂mP̂n = ÆmnP̂m;

X
n

P̂n = Ê:

�®¢®ªã¯®áâì ç¨á¥« ffng  §ë¢ îâ á¯¥ªâà®¬ ®¯¥à â®à , á¨áâ¥¬ã ®¯¥à âà®¢ P̂n |

á¯¥ªâà «ìë¬ à¢§«®¦¥¨¥¬ ¥¤¨¨æë, ¯à¨ ¤«¥¦ é¨¬ ®¯¥à â®àã F̂ ,   ¯à¥¤áâ -

¢«¥¨¥ ®¯¥à â®à  ¢ ä®à¬¥ ãª § ®© áã¬¬ë | á¯¥ªâà «ìë¬ ¯à¥¤áâ ¢«¥¨¥¬

®¯¥à â®à . � ï á¯¥ªâà «ì®¥ ¯à¥¤áâ ¢«¥¨¥ ®¯¥à â®à , «¥£ª® ®¯à¥¤¥«¨âì ¥£® ¯à®-

¨§¢®«ìãî äãªæ¨î:

�(F̂ ) =
X

n

�(fn)P̂n:

�á¯®«ì§ãï á¯¥ªâà «ì®¥ ¯à¥¤áâ ¢«¥¨¥ ®¯¥à â®à , áà¥¤¥¥ § ç¥¨¥ ¢¥«¨ç¨ë F̂ ¬®¦-

® § ¯¨á âì ¢ ä®à¬¥

< F̂ >� =
X
n

fnTr(P̂n�̂):

�¨á«  wn = Tr(P̂n�̂) ®¡« ¤ îâ á¢®©áâ¢ ¬¨

wn � 0;
X

n

wn = 1;

â.¥. ®¯à¥¤¥«ïîâ ¥ª®â®à®¥ à á¯à¥¤¥«¥¨¥ ¢¥à®ïâ®áâ¥©:

wn = Tr(P̂n �̂) �

íâ® ¢¥à®ïâ®áâì â®£®, çâ® ¢¥«¨ç¨  F̂ ¯à¨¨¬ ¥â § ç¥¨¥ fn ¢ á®áâ®ï¨¨ �̂.

�«ï ¤ «ì¥©è¥£® áãé¥áâ¢¥®, çâ® ª« áá ®¯¥à â®à®¢, ª ª®â®à®¬ã ¯à¨ ¤«¥¦¨â

¬ âà¨æ  ¯«®â®áâ¨, | íâ® ®¯¥à â®àë á ç¨áâ® ¤¨áªà¥âë¬ á¯¥ªâà®¬. Ǳ®íâ®¬ã ª -

¦¤ãî ¬ âà¨æã ¯«®â®áâ¨ ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ä®à¬¥

�̂ =
X

n

pnP̂n;

£¤¥ ç¨á«  pn ®¡« ¤ îâ á¢®©áâ¢ ¬¨

0 � pn � 1;
X

n

pnTr(P̂n) = 1:
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�¯¥à â®àë P̂n ¬®¦® ¯à¥¤áâ ¢¨âì á«¥¤ãîé¨¬ ®¡à §®¬. Ǳãáâì ¢¥ªâ®àë jvr >� v
(r)
n

®¡à §ãîâ ®àâ®®à¬¨à®¢ ë© ¡ §¨á ¯à®áâà áâ¢¥H. �â® ®§ ç ¥â, çâ® á¯à ¢¥¤«¨¢ë

à ¢¥áâ¢  X
n

v
�(r)
n
vn

(s) = Ærs �

®àâ®®à¬¨à®¢ ®áâì ¢¥ªâ®à®¢ ¡ §¨á ,X
r

v
(r)
m
v
�(r)
n

= Æmn �

¯®«®â  ¡ §¨á .

Ǳãáâì �n = fi1; :::; ing {  ¡®àë ¯®«®¦¨â¥«ìëå æ¥«ëå ç¨á¥«, ¯à¨ç¥¬ áà¥¤¨ à §-

«¨çëå  ¡®à®¢ ¥â ®¡é¨å ç¨á¥«, �m \�n = 0 ¯à¨ m 6= n,   áà¥¤¨ ¢á¥å íâ¨å  ¡®à®¢

®¤¨ ¨ â®«ìª® ®¤¨ à § ¬®¦®  ©â¨ «î¡®¥ ¯®«®¦¨â¥«ì®¥ ç¨á«®. �¯¥à â®àë

P̂nj	 > =
X

i2�n
jvi >< vij	 > :

�®¢®ªã¯®áâì ¢á¥å P̂n ®¡à §ã¥â ¨áª®¬ë©  ¡®à ®¯¥à â®à®¢. Ǳãáâì ç¨á«  pn ã¤®¢«¥-

â¢®àïîâ ¥à ¢¥áâ¢ ¬

0 � pn � 1;
X

n

pnTrP̂n = 1:

� âà¨æã ¯«®â®áâ¨ ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ä®à¬¥

�̂ =
X

n

pnP̂n:

�à¥¤¥¥ § ç¥¨¥ ¢¥«¨ç¨ë K̂ ¢ á®áâ®ï¨¨ � à ¢®

< K̂ >� =
X

n

pn(
X

s2�n
< vsjK̂vs >):

�á«¨ K̂ = T̂
+
T̂ , â®

< vsjK̂vs >= jjT̂ vsjj
2
:

�¨á¯¥àá¨ï ¢¥«¨ç¨ë F̂ ¢ á®áâ®ï¨¨ �̂ à ¢ 

D�(F̂ ) =
X

n

X
s2�n

pnjjT̂ vsjj
2
;

£¤¥

T̂ = F̂� < F̂ >� Ê:

�á«¨ ¤¨á¯¥àá¨ï à ¢  ã«î, â® ¤®«¦ë ¢ë¯®«ïâìáï à ¢¥áâ¢ 

8n pn(
X

s2�n
jjT̂ vsjj

2):

�á«¨ pn 6= 0, â®

T̂ vs = (F̂� < F̂ >� Ê)vs = 0;

â.¥.

F̂ vs = vs < F̂ >� 8s 2 �n:

� ª¨¬ ®¡à §®¬, ¥á«¨ ¢¥«¨ç¨  F̂ ¨¬¥¥â â®ç®¥ § ç¥¨¥, â® ¥¥ áà¥¤¥¥ § ç¥¨¥ à ¢®

®¤®¬ã ¨§ á®¡áâ¢¥ëå § ç¥¨© ®¯¥à â®à  F̂ :

D�(F̂ ) = 0 =) 9v : F̂ v = v < F̂ >� :
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