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�¢ §¨ª« áá¨ç¥ª¨¬ ¯à¨¡«¨¦¥¨¥¬  §ë¢ îâ áå¥¬ã à¥è¥¨ï ãà ¢¥¨ï �à¥¤¨-

£¥à , ä®à¬ «ì® ®á®¢ ®¥   ¯à¥¤¯®«®¦¥¨¨ ® ¬ «®áâ¨ ¯®áâ®ï®© Ǳ« ª . � §ã-

¬¥¥âáï ¥«ì§ï ¯®¨¬ âì á«®¢  "¬ «®áâì ¯®áâ®ï®© Ǳ« ª " ¡ãª¢ «ì®, ¯®áª®«ìªã

íâ  ¯®áâ®ï ï { ¢¥«¨ç¨  à §¬¥à ï. �¥çì ¯®©¤¥â ® ¢ë¤¥«¥¨¨ â ª®© äãªæ¨¨ à §-

¬¥à®áâ¨ ¤¥©áâ¢¨ï, çâ® ®â®è¥¨¥

S(x)

�h

¬®¦® áç¨â âì ¡®«ìè®© ¢¥«¨ç¨®©. �¥ «¨§ã¥âáï íâ  ¯à®£à ¬¬  ¯®¨áª®¬ à¥è¥¨ï

ãà ¢¥¨ï �à¥¤¨£¥à  ¢ ä®à¬¥ (à áá¬ âà¨¢ ¥âáï á¨áâ¥¬  á ®¤®© áâ¥¯¥ìî á¢®¡®¤ë)
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(x) + V (x) = E:

Ǳà¥¤¯®«®¦¨¬, çâ® ¢ë¯®«ï¥âáï ãá«®¢¨¥

��� �hS00

(x)

(S
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(x))2
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��� d
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� �h

S
0

(x)

���� << 1:

�á«¨ S { ª« áá¨ç¥áª®¥ ¤¥©áâ¢¨ï, â® ¢¥«¨ç¨ã à §¬¥à®áâ¨ ¤«¨ë

�(x) =
�h

S
0

(x)

 §ë¢ îâ ¤¥¡à®©«¥¢áª®© ¤«¨®© ¢®«ë ç áâ¨æë. � ª¨¬ ®¡à §®¬, ãá«®¢¨¥ ¯à¨¬¥¨¬®-

áâ¨ ª¢ §¨ª« áá¨ç¥áª®£® ¯à¨¡«¨¦¥¨ï ¬®¦® áä®à¬ã«¨à®¢ âì ª ª ãá«®¢¨¥ áãé¥áâ¢®-

¢ ¨ï ¬¥¤«¥® ¬¥ïîé¥©áï ¤¥¡à®©«¥¢áª®© ¤«¨ë ¢®«ë.

�������� ������������������ �������

�â®¡ë ¯®áâà®¨âì íä¥¥ªâ¨¢ãî ¯à®æ¥¤ãàã ¯à¨¡«¨¦¥®£® à¥è¥¨ï ãà ¢¥¨ï

�à¥¤¨£¥à  ¯à¥¤áâ ¢¨¬ äãªæ¨î S(x) ¢ ä®à¬¥
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S(x) = S0(x) + S1(x);

£¤¥ ¢â®à®¥ á« £ ¥¬®¥ ¬®¦® áç¨â âì ¬ «®© ¯®¯à ¢ª®© ª ¯¥à¢®¬ã. �¢ï§ ¢ íâã ¬ «®áâì

á ¯®áâ®ï®© Ǳ« ª , ¬®¦® ¯®«ãç¨âì íää¥ªâ¨¢ãî áå¥¬ã ¨â¥à æ¨© ãà ¢¥¨ï ¤«ï

äãªæ¨¨ S(x). �«ï íâ®£® à §®¡ì¥¬ ãà ¢¥¨¥
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�â®à®¥ ãà ¢¥¨¥ á¢ï§ë¢ ¥â ¢¥«¨ç¨ë, ª®âàë¥ ¬®¦® áç¨â âì, ¯® ªà ©¥© ¬¥à¥,  

¯®àï¤®ª ¬¥ìè¨¬¨, ç¥¬ á®¤¥à¦ é¨¥áï ¢ ¯¥à¢®¬ ãà ¢¥¨¨. �¤®¡® áç¨â âì, çâ®

ã¬®¦¥¨¥   �h ¨ ¤¨ää¥à¥æ¨à®¢ ¨¥ ®¤¨ ª®¢ë¬ ®¡à §®¬ ¯à¨¦ îâ ¯®àï¤®ª ¢¥-

«¨çë. �â® ®§ ç ¥â, çâ® ¢ «¥¢®© ç áâ¨ ¢â®à®£® ãà ¢¥¨ï ¬®¦® ¯à¥¡à¥çì ¢â®àë¬

á« £ ¥¬ë¬ ¯® áà ¢¥¨î á ¯¥à¢ë¬ ¨ ç¥â¢¥àâë¬ ¯® áà ¢¥¨î á âà¥âì¨¬. �®¢¥àè¨¢

íâ®, ¯®«ãç¨¬

S0
0

(x)S1
0

(x) �
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2
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= 0:

�á«¨ áç¨â ì äãªæ¨î S0 § ¤ ®©, â® äãªæ¨ï S1 á â®ç®áâìî ¤® ¯®áâ®ï®© à ¢ 

S1(x) = i�hln

q
S0

0

(x):

�¥à¥¬áï ª ã«¥¢®¬ã ¯à¨¡«¨¦¥¨î. � ãà ¢¥¨¨

1

2m
(S0

0

(x))2 + V (x) = E

¥áâ¥áâ¢¥® ¢ë¤¥«ïîâáï ¤¢  á«ãç ï:

1) í¥à£¨ï E ¡®«ìè¥ ¯®â¥æ¨ «ì®© í¥à£¨¨ V (x) ¨

2) ¯à®â¨¢®¯®«®¦ë© á«ãç ©, ª®£¤  á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® E < V (x).

� ¯¥à¢®¬ á«ãç ¥ á¯à ¢¥¤«¨¢® ãà ¢¥¨¥

dS0

dx
= �p(x); p2(x) = 2m(E � V (x)) > 0;

ª®â®à®¥ ¨¬¥¥â à¥è¥¨¥

S0(x) = �
Z

x

p(x)dx:
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�ãªæ¨ï p(x) ¨¬¥¥â á¬ëá« ª« áá¨ç¥áª®£® ¨¬¯ã«ìá , ¯®íâ®¬ã ®¡« áâ¨, ¢ ª®â®àëå ¢ë-

¯®«ïîâáï ¥à ¢¥áâ¢ 

p2(x) > 0;

 §ë¢ îâ ª« áá¨ç¥áª¨ ¤®áâ¨¦¨¬ë¬¨. �á«¨ ¯®«®¦¨â¥«ì  ¢¥«¨ç¨ 

�2(x) = 2m(V (x) �E);

â® äãªæ¨ï S0(x) ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

S0(x) = �
Z

x

�(x)dx:

�¡« áâ¨ ¯®«®¦¨â¥«ì®áâ¨ § ç¥¨© äãªæ¨¨ �2(x)  §ë¢ îâ ª« áá¨ç¥áª¨ ¥¤®-

áâ¨¦¨¬ë¬¨ ®¡« áâï¬¨. �á«¨ ¢¥àãâìáï ª äãªæ¨¨  (x), â® ¬®¦® ãâ¢¥à¦¤ âì,

çâ® ãà ¢¥¨¥ �à¥¤¨£¥à  ¢ ª¢ §¨ª« áá¨ç¥áª®¬ ¯à¨¡«¨¦¥¨¨ ¨¬¥¥â à¥è¥¨ï ¤¢ãå

â¨¯®¢:

 (x) =
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; p2(x) > 0;

¨«¨
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+

C2p
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Z
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�(x)dx
�
; �2(x) > 0;

�¡« áâ¨ ¯à¨¬¥¨¬®áâ¨ íâ¨å ¢ëà ¦¥¨© ®¯à¥¤¥«ïîâáï ¥à ¢¥áâ¢ ¬¨

��� d
dx

� �h

p(x)

���� << 1;

¨«¨ ��� d
dx

� �h

�(x)

���� << 1:

� ¬¥â¨¬, ª¢ §¨ª« áá¨ç¥áª®¥ ¯à¨¡«¨¦¥¨¥ ¥¯à¨¬¥¨¬® ¢¡«¨§¨ â®ç¥ª ¯®¢®à®â  x0,

¢ ª®â®àëå ¢ë¯®«ïîâáï à ¢¥áâ¢  p(x0) = 0 ¨«¨ �(x0) = 0.

�á«¨ ª¢ §¨ª« áá¨ç¥áª®¥ ¯à¨¡«¨¦¥¨¥ ¯à¨¬¥¨¬®, â® ¢ëà ¦¥¨¥
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:

�â® á¯à ¢¥¤«¨¢® ¯à¨ ¤¨ää¥à¥æ¨à®¢ ¨¨ ®áâ «ìëå ª¢ §¨ª« áá¨ç¥áª¨å äãªæ¨©.

� ç¥ £®¢®àï, ¥á«¨ á¯à ¢¥¤«¨¢® ª¢ §¨ª« áá¨ç¥áª®¥ ¯à¨¡«¨¦¥¨¥, â® ¯à¥¤íªá¯®¥-

æ¨ «ìë© ¬®¦¨â¥«ì 1p
p(x)

¬®¦® à áá¬ âà¨¢ âì ª ª ¯®áâ®ïãî ¢¥«¨ç¨ã.
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�á«¨ ¡ë ª¢ §¨ª« áá¨ç¥áª¨¥ ¢®«®¢ë¥ äãªæ¨¨ ¬®¦® ¡ë«® ®¯à¥¤¥«¨âì ¢ â®çª å

¯®¢®à®â , â® ¢®«®¢ãî äãªæ¨î   ®âà¥§ª¥
�
x1 < x < x2, á®¤¥à¦ é¥¬ â®çªã ¯®¢®à®â 

x0, ¬®¦® ¡ë«® ¯®áâà®¨âì ¯® ä®à¬ã«¥

 (x) =

�
 1(x); x < x0

 2(x); x0 < x

�¨¥©ãî § ¢¨á¨¬®áâì äãªæ¨©  1 ¨  2 ®¡¥á¯¥ç¨«® ¡ë ãá«®¢¨¥

W ( 1;  2) = 0:

Ǳ®áª®«ìªã íâ®£® á¤¥« âì ¥«ì§ï, â® à¥è¥¨ï  1 ¨  1 ¯à¨å®¤¨âáï á®¯®áâ ¢«ïâì ¡®«¥¥

¨§®éà¥ë¬¨ á¯®á®¡ ¬¨. �â«®¦¨¢ ¯®ª  ®¯¨á ¨¥ íâ¨å á¯®á®¡®¢, ¯à¨¢¥¤¥¬ ®ª®ç -

â¥«ìë¥ ä®à¬ã«ë, ¯®§¢®«ïîé¨¥ íää¥ªâ¨¢® ¯à¨¬¥ïâì ª¢ §¨ª« áá¨ç¥áª®¥ ¯à¨¡«¨-

¦¥¨¥. �á«¨ ª« áá¨ç¥áª¨ ¤®áâ¨¦¨¬ ï ®¡« áâì «¥¦¨â á¯à ¢  ®â â®çª¨ ¯®¢®à®â :

E < V (x); x < a; E > V (x); x > a;

â® ¬¥¦¤ã ª¢ §¨ª« áá¨ç¥áª¨¬¨ à¥è¥¨ï¬¨ á«¥¢  ¨ á¯à ¢  ®â â®çª¨ ¯®¢®à®â  áãé¥-

áâ¢ã¥â â ª®¥ á®®â¢¥âáâ¢¨¥:

x < a;
1p
�(x)
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4

�
; a < x:

�á«¨ ¦¥ ª« áá¨ç¥áª¨ ¤®áâ¨¦¨¬ ï ®¡« áâì «¥¦¨â á«¥¢  ®â â®çª¨ ¯®¢®à®â :

E > V (x); x < b; E < V (x); x > b;

â® ª¢ §¨ª« áá¨ç¥áª¨¥ à¥è¥¨ï á«¥¢  ¨ á¯à ¢  ®â â®çª¨ ¯®¢®à®â  á¢ï§ ë á®®â®è¥-

¨¥¬:

x < b;
2p
p(x)

cos
�1
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Z
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p(x)dx �
�

4

�
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1

�(x)
exp

�
�
1

�h

Z
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�(x)dx
�
; b < x;

������ ������� � ����������������� Ǳ����������

Ǳà¨¢¥¤¥ë¥ ä®à¬ã«ë ¯®§¢®«ïîâ  ©â¨ ãà®¢¨ í¥à£¨¨ ç áâ¨æë, ¤¢¨£ îé¥©áï

¢ ¯à®¨§¢®«ì®¬ ¯®â¥æ¨ «ì®¬ ¯®«¥ á ®¤¨¬ ¬¨¨¬ã¬®¬. Ǳãáâì «¨¨ï ¯®áâ®ï®©

í¥à£¨¨ E(x) = const ¯¥à¥á¥ª ¥â £à ä¨ª äãªæ¨¨ V (x) ¢ ¤¢ãå â®çª å a < b, â.¥.

¢ íâ¨å â®çª å á¯à ¢¥¤«¨¢ë à ¢¥áâ¢  V (a) = V (b) = E. �â® { â®çª¨ ¯®¢®à®â  ¢

 è¥© § ¤ ç¥. �¢ ¤à â¨ç® ¨â¥£à¨àã¥¬®¥ à¥è¥¨¥ ãà ¢¥¨ï �à¥¤¨£¥à  ¤®«¦®

ã¤®¢«¥â¢®àïâì ãá«®¢¨ï¬

lim
x!�1

 (x) = 0; lim
x!1

 (x) = 0
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Ǳ¥à¢®¥ ãá«®¢¨¥ ®¯à¥¤¥«ï¥â ¢®«®¢ãî äãªæ¨î ¢ ¯à®¬¥¦ãâª¥ a < x < b ª ª

 1(x) =
C1p
p(x)

cos
� 1
�h

Z
x

a

p(x)dx �
�

4

�
;

  ¢â®à®¥ âà¥¡ã¥â çâ®¡ë ®  ¯à¥¤áâ ¢«ï« áì ¢ ä®à¬¥

 2(x) =
C2p
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Z
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�

4

�
:

Ǳ®áª®«ìªã ¢á¥ ãà®¢¨ í¥à£¨¨ ¢ á¨áâ¥¬ å á ®¤®© áâ¥¯¥ìî á¢®¡®¤ë { ¯à®áâë¥, â®

¤®«¦® ¢ë¯®«ïâìáï ãá«®¢¨¥

W ( 1;  2) = 0:

�ëç¨á«ïï ¢à®áª¨¨  ï¢®, ¯®«ãç¨¬ ãá«®¢¨¥

W = �
C1C2
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�
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= 0:

�â® ¯à¨¢®¤¨â ª ãà ¢¥¨î ¤«ï ãà®¢¥© í¥à£¨¨
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�h
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p
2m(E � V (x))dx = �

�
n+

1

2

�
; n = 0; 1; 2; :::

����������������� ������� � �Ǳ����������

Ǳ��������� Ǳ�����

�â®¡ë ¯à¨¬¥ïâì ª¢ §¨ª« áá¨ç¥áª®¥ ¯à¨¡«¨¦¥¨¥ ª § ¤ ç ¬ á ¥¯à¥àë¢ë¬

á¯¥ªâà®¬ í¥à£¨¨, ¥®¡å®¤¨¬® ¯®áâà®¨âì à¥è¥¨ï, á®®â¢¥âáâ¢ãîé¨¥ ®¯à¥¤¥«¥®©

¯«®â®áâ¨ ¯®â®ª . �â® ¬®¦® ®áãé¥áâ¢¨âì á«¥¤ãîé¨¬ ®¡à §®¬.

Ǳãáâì ª« áá¨ç¥áª¨ ¤®áâ¨¦¨¬ ï ®¡« áâì «¥¦¨â á¯à ¢  ®â â®çª¨ ¯®¢®à®â  a. �

à¥è¥¨¥¬ ãà ¢¥¨ï �à¥¤¨£¥à  ¢ ª« áá¨ç¥áª¨ ¤®áâ¨¦¨¬®© ®¡« áâ¨

u(x) =
1

p(x)
exp

� i
�h

Z
x
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p(x)dx � i
�

4

�
; a < x

á®¯®áâ ¢¨¬ ¢ ª« áá¨ç¥áª¨ ¥¤®áâ¨¦¨¬®© ®¡« áâ¨ â ª®¥ à¥è¥¨¥:

u(x) = C1

1p
�(x)

exp
� 1
�h

Z
a

x

�(x)dx
�
+ C2

1p
�(x)

exp
�
�
1

�h

Z
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x

�(x)dx
�
; x < a:

Ǳ®áª®«ìªã à¥è¥¨î ¢ ª« áá¨ç¥áª¨ ¤®áâ¨¦¨¬®© ®¡« áâ¨

u(x) + u�(x) =
2p
p(x)

cos
�1
�h

Z
x

a

p(x)dx �
�

4

�
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¯à¨ x < a á®®â¢¥áâ¢ã¥â à¥è¥¨¥

u(x) + u� =
1p
�(x)

exp
�
�
1

�h

Z
a

x

�(x)dx
�
; x < a;

â® ¤®«¦ë ¢ë¯®«ïâìáï à ¢¥áâ¢ 

C1 + C1
� = 0; C2 + C2

� = 1:

�â® ®§ ç ¥â, çâ® ª®íää¨æ¨¥â C1 { ç¨áâ® ¬¨¬ë©:

C1 = �iK:

�®íää¨æ¨¥â C2 ¥áâ¥áâ¢¥® ¢ë¡à âì ¤¥©áâ¢¨â¥«ìë¬, ¯®áª®«ìªã ¥£® ¬¨¬ ï ç áâì

¤ áâ íªá¯®¥æ¨ «ì® ¬ «ãî ¤®¡ ¢ªã ª á« £ ¥¬®¬ã á ª®íää¨æ¨¥â®¬ C1. � íâ®¬

á«ãç ¥ C2 = 1
2
. � ç¥¨¥ K ¬®¦® ®¯à¥¤¥«¨âì, ¯à¨à ¢ï¢ § ç¥¨ï ¢à®áª¨¨  

W (u; u�), ¢ëç¨á«¥ë¥ á«¥¢  ¨ á¯à ¢  ®â â®çª¨ ¯®¢®à®â . � à¥§ã«ìâ â¥ ¯®«ãç¨âáï

§ ç¥¨¥ K = 1. � ª¨¬ ®¡à §®¬, ¯®«ãç ¥âáï á®®â¢¥áâ¢¨¥:

�i
1p
�(x)

exp
� 1
�h

Z
a

x

�(x)dx
�
; +

1

2
p
�(x)

exp
�
�
1

�h

Z
a

x

�(x)dx
�
; x < a;

(==)

1

p(x)
exp

� i
�h

Z
x

a

p(x)dx � i
�

4

�
; a < x:

� «®£¨ç® à áá¬ âà¨¢ ï á«ãç ©, ª®£¤  ª« áá¨ç¥áª¨ ¤®áâ¨¦¨¬ ï ®¡« áâì «¥¦¨â á«¥-

¢  ®â â®çª¨ ¯®¢®à®â . �ª®ç â¥«ì® ®¢ë¥ ¯à ¢¨«  á®®â¢¥âáâ¢¨ï ¬®¦® áä®à¬ã«¨-

à®¢ âì â ª, çâ®¡ë ®¨ á®¤¥à¦ «¨ â®«ìª® ¤¥©áâ¢¨â¥«ìë¥ ¢¥«¨ç¨ë.

�á«¨ ª« áá¨ç¥áª¨ ¥¤®áâ¨¦¨¬ ï ®¡« áâì «¥¦¨â á«¥¢  ®â â®çª¨ ¯®¢®à®â ,

â®

x < a; E < V (x); �
1p
�(x)

exp
� 1
�h

Z
a

x

�(x)dx
�

(==)

a < x; E > V (x);
1

p(x)
sin
� 1
�h

Z
x

a

p(x)dx �
�

4

�
�á«¨ ª« áá¨ç¥áª¨ ¥¤®áâ¨¦¨¬ ï ®¡« áâì «¥¦¨â á¯à ¢  ®â â®çª¨ ¯®¢®à®â ,

â®

x < b; E > V (x);
1p
p(x)

sin
� 1
�h

Z
b

x

p(x)dx �
�

4

�
(==)

b < x; E < V (x); �
1p
�(x)

exp
� 1
�h

Z
x

b

�(x)dx
�
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Ǳ���������� ������� ������

Ǳ������������ ������

� áá¬®âà¨¬ ¯®â¥æ¨ «, ¬®®â®® ã¡ë¢ îé¨© ¤® ã«ï ®â ¥ª®â®à®£® ¬ ªá¨-

¬ «ì®£® § ç¥¨ï ¯à¨ x! �1. Ǳãáâì í¥à£¨ï ç áâ¨æë E á®¢¯ ¤ ¥â á® § ç¥¨ï¬¨

¯®â¥æ¨ «  ¢ â®çª å a < b, â ª çâ® V (a) = V (b) = E.

� ª« áá¨ç¥áª®© ¬¥å ¨ª¥ ç áâ¨æ  í¥à£¨¨ E,  ç ¢ ¤¢¨¦¥¨¥ ¢ ®¡« áâ¨ á«¥¢ 

®â ¡ àì¥à  ¥ ¬®¦¥â ®ª § âìáï á«¥¢  ®â ¥£®. �áâ ®¢¨¢è¨áì ¢ â®çª¥ ¯®¢®à®â , ® 

 ç¥â ¡¥á®áâ ®¢®ç®¥ ¤¢¨¦¥¨¥  ¯à ¢®. � ª¢ â®¢®© ¬¥å ¨ª¥ ç áâ¨æ  ¢á¥£¤ 

¨¬¥¥â è á ®ª § âìáï á¯à ¢  ®â ¡ àì¥à . �¥à®ïâ®áâì ¦¥ ®âà ¦¥¨ï ®ª §ë¢¥âáï

¢¥«¨ç¨®©, ¬¥ìè¥© ¥¤¨¨æë.

�â®¡ë ¤®ª § âì íâ® ¯®áâà®¨¬ à¥è¥¨¥ ãà ¢¥¨ï �à¥¤¨£¥à , ª®â®à®¥ á«¥¢  ®â

â®çª¨ b á®®â¢¥áâ¢ã¥â ¤¢¨¦¥¨î ç áâ¨æë á«¥¢   ¯à ¢®. �®®â¢¥áâ¢ãîé ï ¢®«®¢ ï

äãªæ¨ï ¢ ®¡« áâ¨ b < x à ¢ 

 (x) =
Cp
p(x)

exp
� i
�h

Z
x

b

p(x)dx � i
�

4

�
:

Ǳ¥à¥©¤ï ª âà¨£®®¬¥âà¨ç¥áª®© § ¯¨á¨, ¥âàã¤®  ©â¨ ª¢ §¨ª« áá¨ç¥áªãî ¢®«®¢ãî

äãªæ¨î ¢ ®¡« áâ¨ a < x < b:

 (x) =
C

2
p
�(x)

exp
�
�
1

�h

Z
b

x

�(x)dx
�

� i
Cp
�(x)

exp
� 1
�h

Z
b

x

�(x)dx
�

=

Ce��

2
p
�(x)

exp
� 1
�h

Z
x

a

�(x)dx
�

� i
Ce�p
�(x)

exp
�
�
1

�h

Z
x

a

�(x)dx
�
;

£¤¥

� =
1

�h

Z
b

a

�(x)dx:

�«¥¢  ®â â®çª¨ a à¥è¥¨¥ ¯à¨¨¬ ¥â ¢¨¤

 (x) =
Ce��

2
p
p(x)

sin
� 1
�h

Z
x

a

p(x)dx +
�

4

�
� i

2Ce�p
p(x)

cos
�1
�h

Z
x

a

p(x) +
�

4

�
:

Ǳ¥à¥å®¤ï ª íªá¯®¥æ¨ «ì®© § ¯¨á¨, ¯®«ãç¨¬

 (x) =
C1p
p(x)

exp
�
i
1

�h

Z
x

a

p(x)dx + i
�

4

�
+

C2p
p(x)

exp
�
� i

1

�h

Z
x

a

p(x)dx � i
�

4

�
:

�¢ë© ¢¨¤ ª®íää¨æ¨¥â®¢ C1 ¨ C2 ¡ã¤¥â ¯à¨¢¥¤¥ ¯®§¤¥¥, ¯®ª  «¨èì § ¬¥â¨¬, çâ®

ª®íää¨æ¨¥âë ¯à®å®¦¤¥¨ï áª¢®§ì ¯®â¥æ¨ «ìë© ¡ àì¥à ¨ ®âà ¦¥¨ï ®â ¡ àì¥à 

à ¢ë

D =
jCj2

jC1j2
; R =

jC2j2

jC1j2
:
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Ǳà¨ íâ®¬ ãá«®¢¨¥ á®åà ¥¨ï ¯®â®ª  âà¥¡ã¥â ¢ë¯®«¥¨ï à ¢¥áâ¢ 

D + R = 1:

�®áâ â®ç® ¯à®áâë¥ ¢ëª« ¤ª¨ ¯à¨ ¯¥à¥å®¤¥ ®â âà¨£®®¬¥âà¨ç¥áª¨å äãªæ¨© ª íªá-

¯®¥æ¨ «ìë¬ ¯à¨¢®¤ïâ ª á«¥¤ãîé¨¬ ¢ëà ¦¥¨ï¬:

R =
�e� � 1

4
e��

e� + 1
4
e��

�2
; D =

1

(e� + 1
4
e��)2

;

áã¬¬  ª®â®àëå ¤¥©áâ¢¨â¥«ì® à ¢  ¥¤¨¨æ¥. � ãç¥¡¨ª å íªá¯®¥âã e�� ®¡ëç®

®¯ãáª îâ ª ª ¬ «ãî ¯® áà ¢¥¨î á e� ¢¥«¨ç¨ã. � à¥§ã«ìâ â¥ ª®íää¨æ¨¥â ®âà -

¦¥¨ï áâ ®¢¨âáï à ¢ë¬ ¥¤¨¨æ¥,   ª®ää¨æ¨¥â ¯à®å®¦¤¥¨ï ®¯à¥¤¥«ï¥âáï è¨à®ª®

¨§¢¥áâ®© ä®à¬ã«®©

D = exp
�
�
2

�h

Z
b

a

�(x)dx
�
:

�����Ǳ����� ������� �������

� ������� Ǳ������������ ���

�¢ §¨ª« áá¨ç¥áª®¥ ¯à¨¡«¨¦¥¨¥ ¯®§¢®«ï¥â ¤®áâ â®ç® ¯à®áâ® ®¯¨á âì ¢ ¦®¥

ä¨§¨ç¥áª®¥ ï¢«¥¨¥ { à áé¥¯«¥¨¥ ãà®¢¥© í¥à£¨¨ ¢ ¤¢®©®© ¯®â¥æ¨ «ì®© ï¬¥.

� áá¬®âà¨¬ á¨áâ¥¬ã, ¯®â¥æ¨ «ì ï í¥à£¨ï ª®â®à®© ®¯à¥¤¥«ï¥âáï á¨¬¬¥âà¨ç®©

äãªæ¨¥©

V (x) = V (�x)

c ¤¢ã¬ï ¬¨¨¬ã¬ ¬¨ ¢ â®çª å �c; c,   ¢ â®çª¥ x = 0 à á¯®« £ ¥âáï ®â®á¨â¥«ìë©

¬ ªá¨¬ã¬ V (0) = V0. �á«¨ í¥à£¨ï â ª®¢ , çâ® ¢ë¯®«ïîâáï ¥à ¢¥áâ¢ 

V (c) < E < V0, â® ¨¬¥îâáï ç¥âëà¥ â®çª¨ ¯®¢®à®â  �b;�a; a; b. �¡é ï § ¤ ç  ® ª¢ -
â®¢ ¨¨ í¥à£¨¨ ¢ á¨áâ¥¬¥ á ç¥âëàì¬ï â®çª ¬¨ ¯®¢®à®â  á«¨èª®¬ âàã¤ , çâ®¡ë

¨§« £ âìáï ¢ íâ®¬ ªãàá¥ «¥ªæ¨©, ®¤ ª® á¨¬¬¥âà¨ï ¯®â¥æ¨ «  ã¯à®é ¥â ¤¥«®. Ǳ®-

áª®«ìªã ¢ á«ãç ¥ á¨¬¬¥âà¨ç®£® ¯®â¥æ¨ «  ãà®¢ï¬ í¥à£¨¨ á®®â¢¥âáâ¢ãîâ ç¥âë¥

¨«¨ ¥ç¥âë¥ ¢®«®¢ë¥ äãªæ¨¨, ¬®¦® à áá¬ âà¨¢ âì § ¤ çã «¨èì ¯à¨ ¯®«®¦¨-

â¥«ìëå x, ¢ë¤¥«ïï ç¥â®¥ ¨«¨ ¥ç¥â®¥ à¥è¥¨¥ ãá«®¢¨ï¬¨ ¢ â®çª¥ x = 0:  
0

(0) = 0

¨«¨  (0) = 0. � íâ®¬ á«ãç ¥ ¤®áâ â®ç® à áá¬®âà¥âì «¨èì ¤¢¥ â®çª¨ ¯®¢®à®â .

�á«¨ ¢®«®¢ ï äãªæ¨ï ã¡ë¢ ¥â ¯à¨ x ! 1, â® ¢ ¯à®¬¥¦ãâª¥ a < x < b ® 

¤®«¦  ¨¬¥âì ¢¨¤

 (x) =
Cp
p(x)

cos
� 1
�h

Z
b

x

p(x)dx �
�

4

�
:

�â®¡ë ®¯à¥¤¥«¨âì íâã äãªæ¨î ¢ ¨â¥à¢ «¥ 0 < x < a, ¯à¥¤áâ ¢¨¬ ¥¥ ä®à¬¥

 (x) =
Cp
p(x)

cos
� 1
�h

Z
x

a

p(x)dx �
�

4
+ �

�
;
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£¤¥

� =
1

�h

Z
b

a

p(x)dx +
�

2
:

Ǳà¨ 0 < x < a ¢®«®¢ ï äãªæ¨ï ®¯à¥¤¥«ï¥âáï ¢ëà ¦¥¨¥¬

 (x) =
Ccos�

2
p
�(x)

exp
�
�
1

�h

Z
a

x

�(x)dx
�

+
Csin�p
�(x)

exp
� 1
�h

Z
a

x

�(x)dx
�
:

� ç¥¨ï äãªæ¨¨ ¨ ¥¥ ¯à®¨§¢®¤®© ¢ â®çª¥ x = 0 ®¯à¥¤¥«ïîâáï ¢ëà ¦¥¨ï¬¨

 (0) =
Ccos�

2
p
�(0)

exp
�
�
1

�h

Z
a

0

�(x)dx
�

+
Csin�p
�(0)

exp
� 1
�h

Z
a

0

�(x)dx
�
;

 
0

(0) =
Ccos�

p
�(0)

2�h
exp

�
�
1

�h

Z
a

0

�(x)dx
�

�
Csin�

p
�(0)

�h
exp

� 1
�h

Z
a

0

�(x)dx
�
:

� ãà ¢¥¨ï, ®¯à¥¤¥«ïîé¨¥ ãà®¢¨ í¥à£¨¨,

1

2
cos�exp

�
�
1

�h

Z
a

0

�(x)dx
�

+ sin�exp
� 1
�h

Z
a

0

�(x)dx
�

= 0

¨
1

2
cos�exp

�
�
1

�h

Z
a

0

�(x)dx
�

� sin�exp
� 1
�h

Z
a

0

�(x)dx
�

= 0;

á« £ ¥¬®¥

sin�exp
� 1
�h

Z
a

0

�(x)dx
�

á®¤¥à¦¨â ¡®«ìè®© íªá¯®¥æ¨ «ìë© ¬®¦¨â¥«ì. �â®¡ë áª®¬¯¥á¨à®¢ âì ¥£®, äãª-

æ¨î í¥à£¨¨ �(E) á«¥¤ã¥â á¤¥« âì ¬ «®© ¢¥«¨ç¨®©. �â® ®¯à¥¤¥«ï¥â ¢ë¡®à § ç¥¨©

í¥à£¨¨. �á«¨

E = E0 + ÆE;

â®
1

�h

Z
b

a

p
2m(E � V (x)) �

1

�h

Z
b

a

p0(x)dx +
mÆE

�h

Z
b

a

1

p0(x)
dx;

£¤¥

p0(x) =
p
2m(E0 � V (x)):

�â®à®¥ á« £ ¥¬®¥ ¬®¦® ¯à¥¤áâ ¢¨âì á«¥¤ãîé¨¬ ®¡à §®¬:

mÆE

�h

Z
b

a

1

p0(x)
dx; =

ÆE

�h

Z
b

a

dx

v0(x)
=

ÆET

2�h
;

£¤¥ T { ¯¥à¨®¤ ª®«¥¡ ¨ï ª« áá¨ç¥áª®© ç áâ¨æë á í¥à£¨¥© E0. �á«¨ í¥à£¨ï E0

â ª®¢ , çâ®

1

�h

Z
b

a

p0(x)dx = �(n +
1

2
);
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â®

cos� � (�1)n; sin� � (�1)n+1
�ÆE

�h!
; ! =

2�

T
:

�á«¨ V1(x) { ¯®â¥æ¨ «, á®¢¯ ¤ îé¨© á V (x) ¯à¨ ¯®«®¦¨â¥«ìëå § ç¥¨ïå x, ¨

¬®®â®® ¢®§à áâ îé¨© ¯à¨ ã¡ë¢ ¨¨ x, â® ¯à¨ïâ¢¥  ¬¨ § ç¥¨ïE0 { íâ® ãà®¢¨

í¥à£¨¨ ç áâ¨æë ¢ ¯®«¥ V1. Ǳà¨ ¨§¬¥¥¨¨ ¯®â¥æ¨ «  ®â V1 ¤® V ãà®¢¨ í¥à£¨¨

à áé¥¯«ïîâáï, ¯à¨ç¥¬ ¨§è¥¬ã ãà®¢î í¥à£¨¨ á®®â¢¥áâ¢ã¥â ç¥â ï,   ¢ëáè¥¬ã {

¥ç¥â ï ¢®«®¢ë¥ äãªæ¨¨:

E =

(
E0 +

�E
2
;  (x) = � (�x)

E0 � �E
2
;  (x) =  (�x)

£¤¥

�E =
�h!

�
exp

�
�
1

�h

Z
a

�a

�0(x)dx
�
:
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