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�������� � ��������� Ǳ��� (¯à®¤®«¦¥¨¥)

�  ¯à®è«®© «¥ªæ¨¨ ¬ë à áá¬ âà¨¢ «¨ ¯®¢¥¤¥¨¥  â®¬  ¢®¤®à®¤  ¢ ®¤®à®¤®¬

¬ £¨â®¬ ¯®«¥. �ëïá¨«®áì, çâ® ¢ â®¬ á«ãç ¥, ª®£¤  ¬ £¨â ï í¥à£¨ï áà ¢¨¬ 

á í¥à£¨¥© â®ª®£® à áé¥¯«¥¨ï, ¯®¯à ¢ª¨ ª ãà®¢ï¬ í¥à£¨¨, ¢®®¡é¥ £®¢®àï, ¥«¨-

¥©® § ¢¨áïâ  ¯àï¦¥®áâ¨ ¬ £¨â®£® ¯®«ï. �â®â ä ªâ ¬ë á¢ï§ «¨ á® á¢®©áâ¢ ¬¨

®¯¥à â®à  ¬ £¨â®£® ¬®¬¥â  í«¥ªâà® .

�¬¥¥â á¬ëá« ¯®¤à®¡¥¥ ®¡áã¤¨âì á¬ëá« á®®â¢¥áâ¢ãîé¨å ¯®ïâ¨©.

Ǳ������������ � ������������ ������

� ç¥¬ á ®¯à¥¤¥«¥¨ï ¬ £¨â®£® ¬®¬¥â . � ¬®¥ ®¡é¥¥ ®¯à¥¤¥«¥¨¥ â ª®¢®:

¥á«¨ £ ¬¨«ìâ®¨  á¨áâ¥¬ë § ¢¨á¨â ®â  ¯àï¦¥®áâ¨ ¬ £¨â®£® ¯®«ï ~H , â® ¥¥

¬ £¨âë© ¬®¬¥â à ¢¥

~M = �
@H

@ ~H
:

�®®â¢¥âá¢ãîé¨¥ ¢ëà ¦¥¨ï ¬®£ãâ ®â«¨ç âìáï ®â ã«ï ¨ ¯à¨ à ¢®¬ ã«î ¬ £-

¨â®¬ ¯®«¥. �®£¤  £®¢®àïâ ® ¯®áâ®ï®¬ ¬ £¨â®¬ ¬®¬¥â¥ á¨áâ¥¬ë. �

íâ®¬ á«ãç ¥ ¯®¯à ¢ª¨ ª í¥à£¨¨ ¢ á« ¡®¬ ¬ £¨â®¬ ¯®«¥ à ¢ë

�E = � ~H ~M:

�¨¥©ãî § ¢¨á¨¬®áâì ¯®¯à ¢®ª ª í¥à£¨¨ ®â  ¯àï¦¥®áâ¨¬ £¨â®£® ¯®«ï ¬®¦®

¯à¨à ¢ïâì ¯® á¬ëá«ã ª ®¯à¥¤¥«¥¨î ¯®áâ®ï®£® ¬ £¨â®£® ¬®¬¥â .

�á«¨ ¯à¥¥¡à¥çì â®ª®© áâàãªâãà®© ãà®¢¥©, â® £ ¬¨«ìâ®¨   â®¬  ¢®¤®à®¤ 

¢® ¢¥è¥¬ ¬ £¨â®¬ ¯®«¥ à ¢¥

H =
1

2m

�
~p+

e

c
~A
�2

+ V (r) + 2�B~s ~H:

�ç¨â ï ¯®«¥ ®¤®à®¤ë¬, ¯à¥¤áâ ¢¨¬ ¢¥ªâ®àë© ¯®â¥æ¨ « ¢ ä®à¬¥

~A =
1

2

�
~H � ~r

�
:

�¯¥à â®à ¬ £¨â®£® ¬®¬¥â   â®¬  ¢ íâ®¬ á«ãç ¥ á®áâ®¨â ¨§ ¤¢ãå á« £ ¥¬ëå

~M = ��B(~l + 2~s) �
e2

4mc
( ~H~r2 � ~r(~r ~H)) = ~M1 + ~M2;
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¯à¨ç¥¬ ¢â®à®¥ ¢ á« ¡®¬ ¬ £¨â®¬ ¯®«¥ ¬®¦® áç¨â âì ¬®£® ¬¥ìè¥ ¯¥à¢®£®.

�â®¡ë ¯®ª § âì íâ®, ®¯à¥¤¥«¨¬ á ç «  ¯®ïâ¨¥ á« ¡®£® ¬ £¨â®£® ¯®«ï. Ǳ®«¥

¬®¦® áç¨â âì á« ¡ë¬, ¥á«¨ ¬ £¨â®¥ à áé¥¯«¥¨¥ ãà®¢¥© í¥à£¨¨, â.¥. ¢¥«¨ç¨ 

¯®àï¤ª 

�Em � �BH;

£¤¥ H {  ¡á®«îâ®¥ § ç¥¨¥  ¯àï¦¥®áâ¨ ¯®«ï, ¬®£® ¬¥ìè¥ à ááâ®ï¨ï ¬¥¦¤ã

¥¢®§¬ãé¥ë¬¨ ãà®¢ï¬¨ í¥à£¨¨  â®¬  ¢®¤®à®¤  ¢ ¥à¥«ïâ¨¢¨áâáª®¬ ¯à¨¡«¨¦¥-

¨¨:

�E0 �
e2

r0
; r0 �

�h2

me2
:

�â® ®§ ç ¥â, çâ® á« ¡ë¬¨ ¬®¦® áç¨â âì ¯®«ï,  ¯àï¦¥®áâì ª®â®àëå ã¤®¢«¥â¢®-

àï¥â ¥à ¢¥áâ¢ã

H <<
1

�

e

r02
; � =

e2

�hc
�

1

137
:

�á«¨  ¯àï¦¥®áâì ¯®«ï ã¤®¢«¥â¢®àï¥â ¯à¨¢¥¤¥®¬ã ¥à ¢¥áâ¢ã, â®

e2

4mc
( ~H~r2 � ~r(~r ~H)) �

e2r0
2H

mc
<<

e�h

mc
:

� ¯à ¢¨¬ ®áì Oz ¢¤®«ì ¬ £¨â®£® ¯®«ï. �à¥¤¥¥ § ç¥¨¥ ¬®¬¥â  ~M1 ¢ á®áâ®ï¨ïå

á ®¯à¥¤¥«¥ë¬ ¯®«ë¬ ¬®¬¥â®¬ ª®«¨ç¥áâ¢  ¤¢¨¦¥¨ï ~J , â.¥. á ª¢ â®¢ë¬¨ ç¨á« ¬¨

j;m à ¢®

h ~M1i = �
e�h

2mc
m
j(j + 1) � l(l + 1) + 3

4

2j(j + 1)
:

�¥ìè ï áà¥¤ïï í¥à£¨ï ¡ã¤¥â á®®â¢¥âáâ¢®¢ âì ¯®«®¦¨â¥«ìë¬ § ç¥¨ï¬ m, ¯®-

íâ®¬ã áà¥¤¨© ¬ £¨âë© ¬®¬¥â ¡ã¤¥â  ¯à ¢«¥ ¢¤®«ì ¬ £¨â®£® ¯®«ï. �â® {

á«ãç © ¯ à ¬ £¥â¨§¬ . � ª¨¬ ®¡à §®¬, ¢ á« ¡ëå ¬ £¨âëå ¯®«ïå ®¤®í«¥ª-

âà®ë¥  â®¬ë ¯ à ¬ £¨âë. � ¬ £¨âë¬ ¬®¬¥â®¬ ~M2 á¢ï§  ¤¨ ¬ £¥-

â¨§¬, ¯à¨ç¥¬ ¢ á« ¡ëå ¯®«ïå íâ®â íää¥ªâ ¥§ ç¨â¥«¥. �¤ ª®, ¢® ¬®£®í«¥ªâà®-

ëå  â®¬ å áà¥¤¥¥ § ç¥¨¥ ¬®¬¥â  ~M1 ¬®¦¥â ®ª § âìáï à ¢ë¬ ã«î. �®£¤   â®¬

¡ã¤¥â ¤¨ ¬ £¨âë¬. �« áá¨ç¥áª¨© ¯à¨¬¥à { ¤¨ ¬ £¥â¨§¬ £¥«¨ï.

�������� ��������� � ����� ���Ǳ���� �������

Ǳà¨¢¥¤¥¬ àï¤ ®á®¢ëå á¢®©áâ¢ ®¤®¬¥à®£® ãà ¢¥¨ï �à¥¤¨£¥à 

�
�h2

2m
 

00

(x) + V (x) (x) = E (x):

1. �à®áª¨¨  ¤¢ãå à¥è¥¨© ãà ¢¥¨ï �à¥¤¨£¥à  { ¢¥«¨ç¨  ¯®áâ®ï ï.

�á«¨  1(x) ¨  2(x) { à¥è¥¨ï ãà ¢¥¨ï �à¥¤¨£¥à ,

W ( 1;  2)(x) =  1(x) 
0

2(x) =  
0

1(x) 2(x);
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¢à®áª¨¨  íâ¨å à¥è¥¨©, â® ¯àï¬ë¬ ¢ëç¨á«¥¨¥¬ ¬®¦® ¯®ª § âì, çâ®

dW ( 1;  2)(x)

dx
= 0:

2. �á«¨ ¢à®áª¨¨  ¤¢ãå à¥è¥¨© ¥ à ¢¥ ã«î, â® íâ¨ à¥è¥¨ï  §ë¢ îâ

«¨¥©® ¥§ ¢¨á¨¬ë¬¨.

3. �î¡®¥ à¥è¥¨¥ ãà ¢¥¨ï �à¥¤¨£¥à   (x), ã¤®¢«¥â¢®àïîé¥¥ ¢ â®çª¥ x = a

ãá«®¢¨ï¬

 (a) =  0;  
0

(a) =  
0

0;

¬®¦® ¯à¥¤áâ ¢¨âì ª ª áã¯¥à¯®§¨æ¨î «¨¥©® ¥§ ¢¨á¨¬ëå à¥è¥¨©  1(x) ¨  2(x).

�ãªæ¨ï

 (x) = á1 1(x) + c2 2(x)

¯à¥¤áâ ¢«ï¥â á®¡®© à¥è¥¨¥ ãà ¢¥¨ï �à¥¤¨£¥à . �à ¢¥¨ï

á1 1(a) + c2 2(a) =  0;

á1 
0

1(a) + c2 
0

2(a) =  
0

0;

®¯à¥¤¥«ïîé¨¥ ª®íää¨æ¨¥âë c1; c2 ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥.

4. �à®¢¨ í¥à£¨¨ ¢®§¨ª îâ ¯à¨ à¥è¥¨¨ á«¥¤ãîé¥© § ¤ ç¨:  ©â¨ ª¢ ¤à -

â¨ç® ¨â¥£à¨àã¥¬®¥ à¥è¥¨¥ ãà ¢¥¨ï �à¥¤¨£¥à .

Z
1

�1

j (x)j2dx < 1:

�áª®¬ãî äãªæ¨î ¬®¦®  ©â¨ á«¥¤ãîé¨¬ ®¡à §®¬.

 ) � ©¤¥¬ äãªæ¨î  1(x) { à¥è¥¨¥ ãà ¢¥¨ï �à¥¤¨£¥à , ã¤®¢«¥â¢®àïîé¥¥ ãá«®-

¢¨î

lim
x!�1

 1(x) = 0;

b) � ©¤¥¬  2(x) { à¥è¥¨¥ ãà ¢¥¨ï �à¥¤¨£¥à , ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î

lim
x!1

 2(x) = 0;

á) �ëç¨á«¨¬ W { ¢à®áª¨¨  äãªæ¨©  1 ¨  2. �â® {   «¨â¨ç¥áª ï äãªæ¨ï

í¥à£¨¨ W (E).

d) �¨á«® E0 { à¥è¥¨¥ ãà ¢¥¨ï

W (E) = 0

®¯à¥¤¥«ï¥â ª¢ ¤à â¨ç® ¨â¥£à¨àã¥¬ãî äãªæ¨î

 (x;E0) = c1 1(x;E0) = c2 2(x;E0):

Z
1

�1

j (x;E0)j2dx < 1:
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5. � ¦¤®¬ã ª®àî äãªæ¨¨ W (E) c â®ç®áâìî ¤® ¯®áâ®ï®£® ¬®¦¨â¥«ï á®-

®â¢¥âáâ¢ã¥â â®«ìª® ®¤  ª¢ ¤à â¨ç® ¨â¥£à¨àã¥¬ ï äãªæ¨ï  (x). � ç¥ £®¢®àï,

â®ç®¥ § ç¥¨¥ í¥à£¨¨ ç áâ¨æë á ®¤®© áâ¥¯¥ìî á¢®¡®¤ë ¢¯®«¥ ®¯à¥-

¤¥«ï¥â ¥¥ á®áâ®ï¨¥.

6. �¨á«® ã«¥©   «¨â¨ç¥áª®© äãªæ¨¨ áç¥â®. Ǳ®íâ®¬ã ç¨á«® ãà®¢¥© í¥à£¨¨

ç áâ¨æë á ®¤®© áâ¥¯¥ìî á¢®¡®¤ë ¬®¦® ¯¥à¥áç¨â âì.

7. �á«¨ áãé¥áâ¢ãîâ ¯à¥¤¥«ë

lim
x!�1

V (x) = V�; lim
x!1

V (x) = V+;

â® ¢®§¬®¦ë¥ ãà®¢¨ í¥à£¨¨ «¥¦ â ¢ ¨â¥à¢ «¥

V� � E0; E1; :::: � V+:

8. �á«¨ í¥à£¨ï E ¥ ¯à¨ ¤«¥¦¨â ¤¨áªà¥â®¬ã á¯¥ªâàã, â® áãé¥áâ¢ã¥â ¤¢ 

«¨¥©® ¥§ ¢¨á¨¬ëå à¥è¥¨ï ãà ¢¥¨ï �à¥¤¨£¥à . �®¯®«¨â¥«ì®¥ ª¢ â®¢®¥

ç¨á«®, á ¯®¬®éìî ª®â®à®£® ¢ë¤¥«ï¥â ç¨áâ®¥ á®áâ®ï¨¥ ¬®¦® áä®à¬ã«¨à®¢ âì ¢ â¥à-

¬¨ å ¯«®â®áâ¨ â®ª . �¤®¡®  ç âì á âà¥å áâ¥¯¥¥© á¢®¡®¤ë. �¯¥à â®à ¯«®â®áâ¨

â®ª  ç áâ¨æë ¢ â®çª¥ ~r § ¤ ¥âáï à ¢¥áâ¢®¬

~j(~r) =
1

2m
f~pÆ(~r � ~̂r) + Æ(~r � ~̂r)~p)g:

�à¥¤¥¥ § ç¥¨¥ § ç¥¨¥ ¯«®â®áâ¨ â®ª  ¢ á®áâ®ï¨¨ 	 à ¢®

h	j~j(~r)j	i =

Z
d~r

0

	�(~r
0

)(~j(~r))	(~r
0

) =

i�h

2m
(	(~r)grad	�(~r) � 	�(~r)grad	(~r)):

� á«ãç ¥ ®¤®© áâ¥¯¥¨ á¢®¡®¤ë áà¥¤¥¥ § ç¥¨¥ ¯«®â®áâ¨ â®ª  á¢®¤¨âáï ª ¢à®-

áª¨¨ ã

j =
i�h

2m
W (	;	�):

�â® { ¯®áâ®ï ï ¢¥«¨ç¨  { ª¢ â®¢®¥ ç¨á«®, á ¯®¬®éìî ª®â®à®£® ¬®¦® ¢ë¤¥«¨âì

ç¨áâë¥ á®áâ®ï¨ï á ®¯à¥¤¥«¥®© í¥à£¨¥©.

�������� � Ǳ������������ Ǳ���

�á«®¢¨¥ 7. § ¢¥¤®¬® ¥ ¢ë¯®«ï¥âáï ¢ á«ãç ¥ ¯¥à¨®¤¨ç¥áª¨å ¯®â¥æ¨ «®¢, ®¡« -

¤ îé¨å á¢®©áâ¢®¬

V (x + an) = V (x); n = 0; �1; �2; :::
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� ç áâ¨æë, ¤¢¨¦ãé¥©áï ¢ â ª¨å ¯®â¥æ¨ « å, ¥ áãé¥áâ¢ã¥â ¤¨áªà¥âëå ãà®¢¥©

í¥à£¨¨. �¤ ª®, ¢ íâ®¬ á«ãç ¥ áãé¥áâ¢ãîâ â ª  §ë¢ ¥¬ë¥ í¥à£¥â¨ç¥áª¨¥ §®ë.

Ǳ®¯à®¡ã¥¬ à §®¡à âìáï ¢ ¯à®¨áå®¦¤¥¨¨ ¨ á¢®©áâ¢ å íâ¨å §®.

Ǳãáâì u1(x) ¨ u2(x) { «¨¥©® ¥§ ¢¨á¨¬ë¥ à¥è¥¨ï ãà ¢¥¨ï �à¥¤¨£¥à . �

á¨«ã ¯¥à¨®¤¨ç®áâ¨ ¯®â¥æ¨ «  äãªæ¨¨ u1(x+ a) ¨ u2(x+ a) { â ª¦¥ «¨¥©® ¥§ -

¢¨á¨¬ë¥ à¥è¥¨ï, ¯à¨ç¥¬ ¨å ¬®¦® ¯à¥¤áâ ¢¨âì ª ª «¨¥©ë¥ áã¯¥à¯®§¨æ¨¨

u1(x + a) = C11u1(x) + C12u2(x);

u2(x + a) = C21u1(x) + C22u2(x):

�á«¨ ¬ âà¨æã Ĉ ¬®¦® ¯à¨¢¥áâ¨ ª ¤¨ £® «ì®© ä®à¬¥, â® ¬®¦® ¨ ¯®áâà®¨âì äãª-

æ¨¨  (x) á® á¢®©áâ¢®¬

 (x + a) = � (x):

�¨á«  � { íâ® ª®à¨ ãà ¢¥¨ï

det(Ĉ � �Ê) = 0:

�á«¨ �1 ¨ �2 { ª®à¨ ¢¥ª®¢®£® ãà ¢¥¨ï, â® áãé¥áâ¢ãîâ â ª¨¥ äãªæ¨¨  1(x) ¨

 2(x), çâ®

 1(x + a) = �1 1(x);

 2(x + a) = �2 1(x):

�â¨ äãªæ¨¨ ¬®¦® ®à¬¨à®¢ âì â ª, çâ®¡ë ¨å ¢à®áª¨¨  ¡ë« à ¢¥

W ( 1;  2) = �1�2:

� ¤àã£®© áâ®à®ë, á¬¥é ï  à£ã¬¥âë äãªæ¨©   na, ¯®«ãç¨¬, çâ® íâ®â ¢à®áª¨¨ 

¤®«¦¥ ¡ëâì à ¢¥ (�1�2)
n. �â® ®§ ç ¥â, çâ® ¯à®¨§¢¥¤¥¨¥ ª®à¥© ¤®«¦® ¡ëâì

à ¢® ¥¤¨¨æ¥:

�1�2 = 1:

�à®¬¥ â®£®, ¯®áª®«ìªã

j (x + na)j = j�jnj (x)j;

â® ¥á«¨ j�j 6= 1, äãªæ¨ï  (x) ¥®£à ¨ç¥® ã¡ë¢ ¥â ¨«¨ ¢®§à áâ ¥â ¯à¨ ¥®£à ¨-

ç¥®¬ ¢®§à áâ ¨¨ ¬®¤ã«ï  à£ã¬¥â . � ª¨¬ ®¡à §®¬ á®¡áâ¢¥ë¥ ç¨á«  ¬ âà¨æë Ĉ

¤®«¦ë ¨¬¥âì ¢¨¤

�1 = eiKa; �2 = e�iKa;

¯à¨ç¥¬ § ç¥¨ï ç¨á«  K ¬®¦® ®£à ¨ç¨âì ¥à ¢¥áâ¢ ¬¨

�
�

a
� K �

�

a
:

�á«¨ ¯à¥¤áâ ¢¨âì  (x) ¢ ä®à¬¥

 (x) = eiKxuK(x);
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â® á®®â®è¥¨¥  (x + an) = einKa (x) ¯à¨¬¥â ¢¨¤

 (x + an) = eiK(x+an)uK(x + an) = eiKaneiKxuK(x):

�â® ®§ ç ¥â, çâ® uK(x) { ¯¥à¨®¤¨ç¥áª ï äãªæ¨ï:

uK(x + an) = uK(x):

�¥§ã«ìâ âë ¥áª®«ìª® ¤«¨â¥«ìëå ¢ëª« ¤®ª ¬®¦® áä®à¬ã«¨à®¢ âì ª ª â¥®à¥¬ã (â¥-

®à¥¬  �«®å ): ãà ¢¥¨¥ �à¥¤¨£¥à  á ¯¥à¨®¤¨ç¥áª¨¬ ¯®â¥æ¨ «®¬,

V (x) = V (x+ an)

¤®¯ãáª ¥â à¥è¥¨¥ ¢¨¤ 

 (x) = eiKxuK(x);

£¤¥ uK(x) { ¯¥à¨®¤¨ç¥áª ï äãªæ¨ï,

uK(x + an) = uK(x):

�á«®¢¨¥ ¯¥à¨®¤¨ç®áâ¨ ¤® ¥ª®â®à®© áâ¥¯¥¨ § ¬¥ï¥â ãá«®¢¨¥ ª¢ ¤à â¨ç®© ¨â¥-

£à¨àã¥¬®áâ¨, ¯à¨¢®¤ï ª ¯®ï¢«¥¨î í¥à£¥â¨ç¥áª¨å §®.

������� Ǳ��������� Ǳ����������� Ǳ��������

� áá¬®âà¨¬ ¯®â¥æ¨ «, ¯®áâà®¥ë© ¨§ ®á®¢®£® ¡«®ª 

V (x) =

�
V0; �b < x < 0

0; 0 < x < a

à á¯à®áâà ¥®£® ¯¥à¨®¤¨ç¥áª¨ ¢ ®¡¥ áâ®à®ë ¤¥©áâ¢¨â¥«ì®© ®á¨. Ǳãáâì í¥à£¨ï

E «¥¦¨â ¢ ¨â¥à¢ «¥

0 < E V0:

Ǳà¨¬¥¬ ®¡®§ ç¥¨ï

� =
1

�h

p
2m(V0 �E);

� =
1

�h

p
2mE;

c = a + b:

�¥è¥¨¥ ãà ¢¥¨ï �à¥¤¨£¥à  ¢ ®¡« áâ¨ (�b < x < a + b) ¨¬¥¥â ¢¨¤

 (x) = e�x + Æe��x; �b < x < 0;
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 (x) = �ei�x + �e�i�x; 0 < x < a;

 (x) = 
0

e�(x�c) + Æ
0

e��(x�c); a < x < a+ b:

�á«¨ ¬ë å®â¨¬ ã¤®¢«¥â¢®à¨âì ãá«®¢¨ï¬ â¥®à¥¬ë �«®å , á«¥¤ã¥â ¯à¨ïâì


0

= eiKc; Æ
0

= ÆeiKc:

Ǳà¨à ¢ï¢ ¢ â®çª å 0 ¨ a á®®â¢¥âáâ¢ãîé¨¥ äãªæ¨¨ ¨ ¨å ¯à®¨§¢®¤ë¥, ¯®«ãç¨¬

ãá«®¢¨¥ áãé¥áâ¢®¢ ¨ï à¥è¥¨ï, ¢ëà ¦¥®¥ ¢ ä®à¬¥ ¤¨á¯¥àá¨®®£® á®®â®è¥¨ï

ch(�b)cos(�a) +
�2 � �2

2��
sh(�b)sin(�a) = cos(Kc):

Ǳà ¢ ï ç áâì íâ®£® à ¢¥áâ¢  § ¢¨á¨â ®â í¥à£¨¨ E, ¯à¨ç¥¬  ¡á®«îâ®¥ § ç¥¨¥

á®®â¢¥âáâ¢ãîé¥£® § ç¥¨ï, ¢®®¡é¥ £®¢®àï, ¯à®¨§¢®«ì®,   «¥¢ ï ç áâì ®£à ¨ç¥ 

¯® ¬®¤ã«î ¥¤¨¨æ¥©. �¥è ï ¥à ¢¥áâ¢® ®â®á¨â¥«ì® í¥à£¨¨, ¯®«ãç îâ à §à¥-

è¥ë¥ ®¡« áâ¨ ¨§¬¥¥¨ï í¥à£¨¨. � ç¥ £®¢®àï, ¬ë ¨¬¥¥¬ ¤¥«® á ¤¨á¯¥àá¨®ë¬

á®®â®è¥¨¥¬. �â®¡ë ã¯à®áâ¨âì   «¨§ ¤¨á¯¥àá¨®®£® á®®â®è¥¨ï, à áá¬®âà¨¬

¯à¥¤¥«ìë© á«ãç © ¥®£à ¨ç¥® ¢ëá®ª® ¨ ¡¥áª®¥ç® ã§ª®£® ¯®â¥æ¨ «ì®£® ¡ àì¥-

à :

b ! 0; V0 ! 1; V0b = const:

� à¥§ã«ìâ â¥ ¯à¥¤¥«ì®£® ¯¥à¥å®¤  ¯®«ãç¨âáï ¯ à ¬¥âà P :

mV0ab

�h2
=

1

2
�2ab = P;

  ¤¨á¯¥àá¨®®¥ á®®â®è¥¨¥ ¯à¨¬¥â ¢¨¤

P
sin(�a)

�a
+ cos(�a) = cos(Ka):

�á«¨ ®¯à¥¤¥«¨âì ã£®« �:
P

�a
= tg�;

â® ¯®«ãç¨âáï ãà ¢¥¨¥

cos(�a � �) = cosKacos�:

�á«¨

�a = �n;

¨«¨

�a = �n + 2�;

â®

cos(�a � �) = (�1)ncos�:
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�á«¨ § ç¥¨ï �a «¥¦ â ¢ ¯à®¬¥¦ãâª å ¬¥¦¤ã ãª § ë¬¨ § ç¥¨ï¬¨, â® ¤¨á¯¥àá¨-

®®¥ á®®â®è¥¨¥ ¥ ã¤®¢«¥â¢®àï¥âáï. � ª¨¬ ®¡à §®¬ ®âà¥§ª¨

�n � �a � �n + 2�

®¯à¥¤¥«ïîâ ¯®«®áë § ¯à¥é¥ëå í¥à£¨©

E =
�h2

2ma2
(�a)2;

â.¥. í¥à£¨©, ¯à¨ ª®â®àëå ãà ¢¥¨¥�à¥¤¨£¥à  ¥ ¨¬¥¥â à¥è¥¨© ¢ë¡à ®£® â¨¯ .

�¥âàã¤® ¯®ïâì ¯à¨ç¨ã ¯®ï¢«¥¨ï ¯®«®áë § ¯à¥é¥ëå í¥à£¨©. �á«®¢¨¥

�a = �n

¯à¥¤áâ ¢«ï¥â á®¡®© ¨§¢¥áâ®¥ ¨§ ®¯â¨ª¨ ãá«®¢¨¥ ¤«ï ®âà ¦¥¨ï ¢®«ë á ¢®«®¢ë¬ ç¨-

á«®¬ � ®â à¥è¥âª¨. �á«¨ íâ® ãá«®¢¨¥ ¢ë¯®«¥®, â® ¯®â®ª í«¥ªâà®®¢ ¢¤®«ì à¥è¥âª¨

¯à¥àë¢ ¥âáï.

Ǳà¨ ¤®áâ â®ç® ¡®«ìè¨å n è¨à¨  § ¯à¥é¥®© §®ë { ¢¥«¨ç¨  ¯®àï¤ª 

�n �
P

�n
:

�¥¬ ¡®«ìè¥ í¥à£¨ï í«¥ªâà® , â¥¬ ¬¥ìè¥ è¨à¨  § ¯à¥é¥®© §®ë, â.¥. ¢«¨ï-

¨¥ à¥è¥âª¨. �¨à¨  § ¯à¥é¥®© §®ë ¢®§à áâ ¥â ¯à¨ ã¢¥«¨ç¥¨¨ § ç¥¨ï P . �

¯à¥¤¥«¥ P !1 è¨à¨  §®ë áâ ®¢¨âáï áª®«ì ã£®¤® ¡®«ìè®©. �â® á®®â¢¥âá¢ã¥â áã-

é¥áâ¢®¢ ¨î ãà®¢ï í¥à£¨¨ ¢ ¯®â¥æ¨ «ì®© ï¬¥ è¨à¨ë a á ¡¥áª®¥ç® ¢ëá®ª¨¬¨

áâ¥ª ¬¨.

�ãâà¨ ª ¦¤®© ¯®«®áë í¥à£¨¨ á®sKa ¯à®¡¥£ ¥â ¢á¥ § ç¥¨ï ¬¥¦¤ã �1 ¨ 1.

�¨á«® K { ¯à¨¢¥¤¥®¥ ¢®«®¢®¥ ç¨á«® { ¨§¬¥ï¥âáï ¢ ¯¥à¢®©, âà¥âì¥©, ... (â.¥.

¢ ¥ç¥âëå) ¯®«®á å í¥à£¨¨ ¢ ¯à¥¤¥« å ®â 0 ¤® �

a
, ¢ ¥ç¥âëå {  ®¡®à®â ®â �

2
¤® 0.

�®«®¢®¬ã ç¨á«ã �K á®®â¢¥âá¢ã¥â â ª ï ¦¥ í¥à£¨ï, ª ª ¨ K. � â®çª¥ K = 0 ªà¨¢ë¥

í¥à£¨¨ ¨¬¥îâ, ¯®®ç¥à¥¤® ¬¨¨¬ã¬ ¨ ¬ ªá¨¬ã¬.
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