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�������� � ��������� Ǳ���

�  ¯à®è«®© «¥ªæ¨¨ ¬ë ¢ëïá¨«¨, ¯à¨ç¨®© á¢¥àåâ®ª®£® à áé¥¯«¥¨ï ãà®¢¥©

í¥à£¨¨ ¢®¤®à®¤  ï¢«ï¥âáï ¬ £¨â®¥ ¯®«¥, ª®â®à®¥ ¯®à®¦¤ ¥â ¬ £¨âë© ¬®¬¥â

¯à®â® . �¥£®¤ï ¬ë ¯®¤à®¡¥¥ ®¡áã¤¨¬ ®á®¡¥®áâ¨ ¯®¢¥¤¥¨ï í«¥ªâà®  ¢ ¬ £¨â-

®¬ ¯®«¥.

������������ ���������� ����Ǳ������� ���������

�ãªæ¨ï � ¬¨«ìâ®  ¡¥áá¯¨®¢®£® í«¥ªâà® , ª ª ¨§¢¥áâ®, à ¢ 

H =
1

2m
(~p� e

c
~A)2:

� ç¥¬ á ¯à®áâ¥©è¥£® á«ãç ¥, ª®£¤  í«¥ªâà®  å®¤¨âáï ¢ ®¤®à®¤®¬¬ £¨â®¬

¯®«¥ ~H . � ¯à ¢¨¬ ®áì z  è¨å ª®®à¤¨ â ¢¤®«ì ¯®«ï ¨ ¢ë¡¥à¥¬ ¢¥ªâ®àë© ¯®â¥æ¨ «

¢ ä®à¬¥
~A(~r) = (Ax = �Hy; Ay = Az = 0):

�®£¤  £ ¬¨«ìâ®¨  ¯à¨¬¥â ¢¨¤

H =
1

2m

�
px +

eH

c
y
�2

+
1

2m

�
py

2 + pz
2
�
:

�à ¢¥¨ï � ©§¥¡¥à£  ¢ íâ®¬ á«ãç ¥ á¢®¤ïâáï ª á¨áâ¥¬¥

dx

dt
=

1

m

�
px +

eH

c
y
�
;

dpx

dt
= 0;

dy

dt
=

1

m
py;

dpy

dt
= �!

�
px +

eH

c
y
�
;

dz

dt
=

1

m
pz;

dpz

dt
= 0:

�¥âàã¤® ã¡¥¤¨âìáï ¢ â®¬, çâ® ®¯¥à â®àë

x0 = x +
c

eH
py; y0 =

c

eH
px

¨â¥£à « ¬¨ ¤¢¨¦¥¨ï. � ª« áá¨ç¥áª®© ¬¥å ¨ª¥ íâ¨ ¢¥«¨ç¨ë ¨¬¥îâ á¬ëá« ª®®à-

¤¨ â æ¥âà  ®ªàã¦®áâ¨, ¯® ª®â®à®© ¤¢¨¦¥âáï í«¥ªâà®, ®¤ ª® ¢ ª¢ â®¢®¬ á«ãç ¥

¤¥«® ¥áª®«ìª® ãá«®¦ï¥âáï.
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�¯à¥¤¥«ïï ç áâ®âã

! =
eH

mc
;

¨ § ¬¥ç ï, çâ®

1

2m
py

2 +
1

2
m!2(y � y0)

2 =
1

2m
(px +

eH

c
y)2 +

1

2m
py

2;

¯à¨¢¥¤¥¬ £ ¬¨«ìâ®¨  ª ¢¨¤ã

H =
1

2m
py

2 +
1

2
m!2(y � y0)

2 +
1

2m
pz

2:

Ǳ®áª®«ìªã á« £ ¥¬ë¥, § ¢¨áïé¨¥ ®â y, ¯à¥¤áâ ¢«ïîâ á®¡®© £ ¬¨«ìâ®¨  £ à¬®¨-

ç¥áª®£® ®áæ¨««ïâ®à , â® ãà®¢¨ í¥à£¨¨ ®¯à¥¤¥«ïîâáï ä®à¬ã«®©

En;pz
= �h!(n +

1

2
) +

1

2m
pz

2 = �BH(n +
1

2
) +

1

2m
pz

2:

Ǳ¥à¢®¥ á« £ ¥¬®¥ ¢ íâ®© ä®à¬ã«¥ ®¯à¥¤¥«ï¥â ãà®¢¨ í¥à£¨¨, á¢ï§ ë¥ á ¤¢¨¦¥¨¥¬

¢ ¯¥à¯¥¤¨ªã«ïà®© ¬ £¨â®¬ã ¯®«î ¯«®áª®áâ¨. �å  §ë¢ îâ ãà®¢ï¬¨� ¤ ã.

� ¢¨á¨¬®áâì ãà®¢¥© í¥à£¨¨ ®â  ¯àï¦¥®áâ¨ ¯®«ï¯à¨¢®¤¨â ª ç¨áâ® ª¢ â®¢®¬ã

íää¥ªâã { ¤¨ ¬ £¥â¨§¬ã í«¥ªâà®®¢. Ǳ®ï¢«¥¨¥ íâ®£® íää¥ªâ  «¥£ª® ¯®ïâì ¨§

á«¥¤ãîé¨å á®®¡à ¦¥¨©. Ǳ®áª®«ìªã áª®à®áâì ¢ £ ¬¨«ìâ®®¢®¬ ä®à¬ «¨§¬¥ ®¯à¥¤¥-

«ï¥âáï ª ª ¯à®¨§¢®¤ ï

~v =
@H
@~p

=
1

m
(~p� e

c
~A);

â® í¥à£¨ï í«¥ªâà®  ¢ ¬ £¨â®¬ ¯®«¥, ª ª ¨ ¢ á«ãç ¥ á¢®¡®¤®£® í«¥ªâà®  ®¯à¥¤¥-

«ï¥âáï â®«ìª® ¥£® áª®à®áâìî

E =
1

2
m~v2:

�â  ä®à¬ã«  ¤«ï í¥à£¨¨ í«¥ªâà®  á¯ ¢¥¤«¨¢  ¨ ¢ ª¢ â®¢®¬ á«ãç ¥. Ǳ®ç¥¬ã ¦¥

¯®ï¢«ïîâáï ãà®¢¨ í¥à£¨¨, § ¢¨áïé¨¥ ®â  ¯àï¦¥®áâ¨ ¯®«ï? �¥«® ¢ â®¬, çâ®

¢ ª¢ â®¢®¬ á«ãç ¥ á®áâ ¢«ïîé¨¥ áª®à®áâ¨, § ¢¨áïé¨¥ ª ª ®â ¨¬¯ã«ìá®¢, â ª ¨ ®â

ª®®à¤¨ â, ¥ ª®¬¬ãâ¨àãîâ ¤àã£ á ¤àã£®¬. �â®¡ë á¤¥« âì ä®à¬ã«ë á¨¬¬¥âà¨ç¥¥,

ã¤®¡® ®¯à¥¤¥«¨âì ¢¥ªâ®àë© ¯®â¥æ¨ « ª ª

~A =
1

2
( ~H � ~r):

� íâ®¬ á«ãç ¥

~v� =
1

m
(p� � e

2c
���H�x);

¯®íâ®¬ã

[v�; v�] = i
e�h

m2c
���H ;
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â.¥.

[vx; vy] = i
e�h

m2c
Hz ; [vy; vz ] = i

e�h

m2c
Hx; [vz; vx] = i

e�h

m2c
Hy :

�®¦® ¯à¥¤¯®«®¦¨âì, çâ® «î¡®¥ ®à¡¨â «ì®¥ ¤¢¨¦¥¨¥ í«¥ªâà®®¢ ¯à¨¢®¤¨â ª ¯®-

ï¢«¥¨î ¤¨ ¬ £¥â¨§¬ . �â®¡ë ¢ëïá¨âì,  áª®«ìª® ¯à ¢¤®¯®¤®¡® íâ® ¯à¥¤¯®«®-

¦¥¨¥, à áá¬®âà¨¬ ¯®¢¥¤¥¨¥  â®¬  ¢®¤®à®¤  ¢ ¬ £¨â®¬ ¯®«¥.

���� �������� � ��������� Ǳ���

�á«¨ à áá¬ âà¨¢ âì íää¥ªâë á â®ç®áâìî ¤® â®ª®© áâàãªâãàë, â® £ ¬¨«ìâ®¨-

   â®¬  à ¢¥

H =
1

2m
(~p� e

c
~A)2 � e2 r � Hf � 2�B~s ~H; ~H = rot ~A:

�á«¨ ¢¥ªâ®àë© ¯®â¥æ¨ « ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

div ~A = 0;

â®

(~p2 � e

c
~A)2 =

1

2m
~p2 � e

mc
~A~p+

e2

2mc2
~A2:

Ǳà¥¥¡à¥£ ï ª¢ ¤à â¨çë¬ ¯® ¯®«î á« £ ¥¬ë¬, § ¯¨è¥¬ £ ¬¨«ìâ®¨  ¢ ä®à¬¥

H = H0 + H1;

£¤¥ H0, ª ª ¨ ¯à¥¦¤¥, ®¯à¥ â®à

H0 =
1

2m
~p2 � e2

r
;

 

H1 = � e

mc
~A~p + Hf + 2�B~s ~H:

Ǳ®¯à ¢ª¨ ª ãà®¢ï¬ í¥à£¨¨ ¬®¦® á®¢  ¢ëç¨á«¨âì, ¨á¯®«ì§ãï â¥®à¥¬ã �¥©¬  -

�¥¥«ì¬  , ®¤ ª® á«¥¤ã¥â ¢¨¬ â¥«ì¥¥ ®â¥áâ¨áì ª ¢ë¡®àã ¯à ¢¨«ìëå ¢¥ªâ®à®¢

á®áâ®ï¨© ¢ ã«¥¢®¬ ¯à¨¡«¨¦¥¨¨.

�á«¨ ¯®«¥ ¬®¦® áç¨â âì ®¤®à®¤ë¬ (â.¥. ¥á«¨ ¬®¦® ¯à¥¥¡à¥çì ¥£® ¨§¬¥¥-

¨ï¬¨   à ááâ®ï¨ïå ¯®àï¤ª  à ¤¨ãá   â®¬ ), ¢¥ªâ®àë© ¯®â¥æ¨ « ¬®¦® ¢ë¡à âì

¢ ä®à¬¥

~A =
1

2
~H � ~r:

� íâ®¬ á«ãç ¥

� e

mc
~A~p = �B ~H~l
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®¯¥à â®à H1 ¯à¥¢à é ¥âáï ¢

H1 = �B ~H~l + Hf + 2�B ~H~s = �B ~H ~J + Hf + �B ~H~s:

Ǳ®ª  ¬ £¨â®£® ¯®«ï ¥â, â® ¯à ¢¨«ìë¥ ¢¥ªâ®àë ¢ ¯à¨¡«¨¦¥¨¨ â®ª®© áâàãªâãàë

{ íâ® ¢¥ªâ®àë á®áâ®ï¨© á ®¯à¥¤¥«¥®© ¢ ¥à¥«ïâ¨¢¨áâáª®¬ ¯à¨¡«¨¦¥¨¨ í¥à£¨-

¥© (®¯à¥¤¥«¥ë¬ £« ¢ë¬ ª¢ â®¢ë¬ ç¨á«®¬ n), ®¯à¥¤¥«¥ë¬ ª¢ ¤à â®¬ ¬®¬¥â 

¨¬¯ã«ìá  (ª¢ â®¢ë¬ ç¨á«®¬ l), ®¯à¥¤¥«¥ë¬ ª¢ ¤à â®¬ ¯®«®£® ¬®¬¥â  ¨¬¯ã«ìá 

(ª¢ â®¢ë¬ ç¨á«®¬ j) ¨ ¥£® ¯à®¥ªæ¨¥©   ª ªãî-«¨¡® ®áì (ª¢ â®¢®¥ ç¨á«®m), ¯à¨ç¥¬

íâã ®áì ¬®¦® ¢ë¡¨à âì ¯à®¨§¢®«ì®. � á«ãç ¥ ¥ã«¥¢®£® ¯®«ï ¯®ï¢«ï¥âáï ¢ë¤¥-

«¥®¥  ¯à ¢«¥¨¥. � íâ®¬ á«ãç ¥ £ ¬¨«ìâ®¨  ã¦¥ ¥ ª®¬¬ãâ¨àã¥â á ¢¥ªâ®à®¬

¯®«®£® ¬®¬¥â  ª®«¨ç¥áâ¢  ¤¢¨¦¥¨ï:

[J�;H1] = i�B( ~H � ~s)�:

�â¥£à « ¬¨ ¤¢¨¦¥¨ï ®áâ îâáï «¨èì ®¯¥à â®àë ~l2 ¨ ~J ~H . �á«¨  ¯à ¢¨âì ®áì z

¢¤®«ì ¯®«ï, â® ¯à ¢¨«ìë¥ ¢¥ªâ®àë ã«¥¢®£® ¯à¨¡«¨¦¥¨ï ¬®¦® ¡ã¤¥â ¨áª âì ¢

ä®à¬¥

	 =
X
j

	(n; l; j;m)cj :

�ëç¨á«¥¨¥ áà¥¤¥£® § ç¥¨ï ®¯¥à â®à  H1 ¯à¨¢®¤¨â ª ¢ëà ¦¥¨î

h	jH1j	i =
X
jj

0

c�jWjj
0 c

j
0 ;

¯®íâ®¬ã ¢ë¡®à ª®íää¨æ¨¥â®¢ c�; c á¢®¤¨âáï ª ¯®¨áªã ¬¨¨¬ã¬  ¯®«ãç¥®© ª¢ ¤à -

â¨ç®© ä®à¬ë ¯à¨ ¤®¯®«¨â¥«ì®¬ ãá«®¢¨¨

X
j

jcj j2 = 1:

�®¦® áïâì ®£à ¨ç¥¨¥   ª®íää¨æ¨¥âë c�; c, ¯¥à¥©¤ï ª ä®à¬¥

�(c�; c) =
X
jj

0

c�jWjj
0 c
j
0 � E(

X
j

jcjj2 � 1):

�®¦¨â¥«ì � £à ¦  E ¨¬¥¥â á¬ëá« í¥à£¨¨. �á«®¢¨ï ¬¨¨¬ã¬  ¯à¨¢®¤ïâ ª ãà ¢-

¥¨ï¬
@�

@c�j
=

X
j
0

W
jj

0 c
j
0 �Ecj = 0;

@�

@cj
=

X
j
0

c�
j
0W

j
0

j
�Ec�j = 0;
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@�

@E
=

X
j

jcjj2 � 1 = 0:

� á¨«ã à ¢¥áâ¢W
j
0

j
= (W

jj
0 )� ¢â®à ï á¨áâ¥¬  ãà ¢¥¨© á«¥¤ã¥â ¨§ ¯¥à¢®©. �á«®¢¨¥

à §à¥è¨¬®áâ¨ ¯¥à¢®© á¨áâ¥¬ë ®¯à¥¤¥«ï¥âáï á¥ªã«ïàë¬ ãà ¢¥¨¥¬

det(W
jj

0 � Æ
jj

0E) = 0;

ª®à¨ ª®â®à®£® à ¢ë ¯®¯à ¢ª ¬ ª ãà®¢ï¬ í¥à£¨¨.

Ǳ®áª®«ìªã á¯¨ í«¥ªâà®  à ¢¥ 1
2
, â® ¯à¨ § ¤ ®¬ § ç¥¨¨ l ç¨á«® j ¯à¨¨¬ ¥â

¤¢  § ç¥¨ï, j = l � 1
2
, ¨ ¢¥ªâ®à ã«¥¢®£® ¯à¨¡«¨¦¥¨ï á¢®¤¨âáï ª ¢ëà ¦¥¨î

	 = 	(n; l; l +
1

2
;m)c+ + 	(n; l; l � 1

2
;m)c�;

  á¥ªã«ïà®¥ ãà ¢¥¨¥ { ª ª¢ ¤à â®¬ã ãà ¢¥¨î ¤«ï E. � âà¨æ  ®¯¥à â®à  Hf

¤¨ £® «ì  ¢ ¡ §¨á¥ 	(n; l; j;m).

�â®¡ë ¢ëïá¨âì ª ª ¤¥©áâ¢ã¥â   íâ¨ ¢¥ªâ®àë ®¯¥à â®à �BH(l3 + 2s3), ¢®á-

¯®«ì§ã¥¬áï à §«®¦¥¨¥¬ 	(n; l; j;m) ¯® ¢¥ªâ®à ¬ ¡ §¨á , á®áâ®ïé¥£® ¨§ ¯à®¨§¢¥¤¥¨©

Ylm(r̂)�s(�) { á®¡áâ¢¥ëå ¢¥ªâ®à®¢ l3 ¨ s3. Ǳ®áª®«ìªã

	(l; l +
1

2
;m) = Y

l;m�
1

2

� 1

2

r
�+m

2�
+ Y

l;m+ 1

2

�
�

1

2

r
��m

2�
;

	(l; l � 1

2
;m) = Y

l;m�
1

2

� 1

2

r
��m

2�
� Y

l;m+ 1

2

�
�

1

2

r
�+m

2�
;

â®

	 = 	(l; l +
1

2
;m)á+ + 	(l; l � 1

2
;m)c� =

Y
l;m�

1

2

� 1

2

�
c+

r
� +m

2�
+ c�

r
��m

2�

�
+ Y

l;m+1

2

�
�

1

2

�
c+

r
��m

2�
� c�

r
�+m

2�

�
:

� ª¨¬ ®¡à §®¬

(l3 + 2s3)	 = Y
l;m�

1

2

� 1

2

(m+
1

2
)
�
c+

r
�+m

2�
+ c�

r
��m

2�

�
+

Y
l;m+1

2

�
�

1

2

(m � 1

2
)
�
c+

r
��m

2�
� c�

r
� +m

2�

�
:

�®á¯®«ì§®¢ ¢è¨áì ä®à¬ã« ¬¨ ¯¥à¥å®¤  ®â ¢¥ªâ®à®¢ Ylm�s ª 	(ljm):

Y
l;m�

1

2

� 1

2

= 	(l; l +
1

2
;m)

r
�+m

2�
+ 	(l; l � 1

2
;m)

r
��m

2�
;

Y
l;m+1

2

�
�

1

2

= 	(l; l +
1

2
;m)

r
��m

2�
� 	(l; l � 1

2
;m)

r
�+m

2�
;
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 ©¤¥¬, çâ®

�BH(l3 + 2s3)	 = 	(l; l +
1

2
;m)

�BH

2�
(c+2m(l + 1) + c�

p
�2 �m2) +

	(l; l � 1

2
;m)

�BH

2�
(c+
p
�2 �m2 + c�2ml):

�à ¢¥¨¥

�BH(l3 + 2s3)	 = 	E

á¢®¤¨âáï ª á¨áâ¥¬¥

(�E+ �E +
�B

�
m(l + 1))c+ +

�BH

2�

p
�2 �m2c� = 0;

�BH

2�

p
�2 �m2c+ + (�E� �E +

�B

�
ml)c� = 0:

Ǳ������������� ������ � ������������� �������

Ǳ®«¥§® ¢ë¢¥áâ¨ ®¡é¨¥ ä®à¬ã«ë, à¥è îé¨¥ ¯®«ãç¥ë¥  ¬¨ ãà ¢¥¨ï. C¨-

áâ¥¬ 

a11c1 + a12c2 = ac1;

a21c1 + a22c2 = ac2:

¨¬¥¥â ¥âà¨¢¨ «ìë¥ à¥è¥¨ï â®«ìª® ¢ á«ãç ¥ ®¡à é¥¨ï ¢ ã«ì ¥¥ ®¯à¥¤¥«¨â¥«ï

(a11 � a)(a22 � a) � a12a21 = (a � a11 + a22

2
)2 +

1

4
(a11 � a22)

2 � a12a21;

â.¥. ¯à¨ a à ¢ëå

a1;2 =
1

2
(a11 � a22) � 1

2

p
(a11 � a22)2 + 4a12a21:

� á«ãç ¥ íà¬¨â®¢®© ¬ âà¨æë â § ç¥¨ï a1;2 ¤¥©áâ¢¨â¥«ìë. �á«¨ ãá«®¢¨¥ à §à¥è¨-

¬®áâ¨ ¢ë¯®«¥®, â® à¥è¥¨ï ¬®¦®  ©â¨ ¨§ ãà ¢¥¨©

(a11 � a1)c
(1)

1 + a12c
(1)

2 = 0;

a21c
(1)

1 + (a22 � a2)c
(1)

2 = 0:

� á«ãç ¥ íà¬¨â®¢®© ¬ âà¨æë â ã¤®¡® ®¯à¥¤¥«¨âì ¯ à ¬¥âàë �; �:

2a12

a11 � a22
= e�i�tg�;

2a21

a11 � a22
= ei�tg�:
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�®íää¨æ¨¥âë c(i)k,

c(1)1 = e�i
�

2 cos
�

2
; c(1)2 = ei

�

2 sin
�

2
:

c(2)1 = �e�i�2 sin�
2
; c(2)2 = ei

�

2 cos
�

2
:

®¡« ¤ îâ á¢®©áâ¢®¬ ®àâ®®¬¨à®¢ ®áâ¨

2X
j=1

c(i)j
�

c(k)j = Æik:

������ ������� �� ������ ���������

� áá¬®âà¥ë¥ ¢ ¯à¥¤ë¤ãé¥¬ à §¤¥«¥ à¥è¥¨ï ¢  è¥¬ ç áâ®¬ á«ãç ¥ ®¯à¥¤¥-

«ïîâáï § ç¥¨¥¬ ¯ à ¬¥âà®¢ �; �, ª®â®àë¥ ¬®¦®  ©â¨ ¯®á«¥ á«¥¤ãîé¨å ¢ëª« ¤®ª:

a11 � a22 = �E +
�BHm

�
; �E = �E+ ��E�;

a12 = a21 = �BH
p
�2 �m2:

�ç¥¢¨¤®, çâ® � = 0,   § ç¥¨¥ � ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

tg� = �

p
�2 �m2

�+ �m
; � =

�BH

�E
:

� ç¥¨ï ¯ à ¬¥âà  � ¢ ¤ «ì¥©è¥¬ ¡ã¤ãâ ¢ë¤¥«ïâì á«ãç ¨ á« ¡®£®, (� << 1), ¨

á¨«ì®£®, (� >> 1) ¯®«ï. �«¥¤ã¥â â®«ìª® ¯®¬¨âì, çâ® ®¡  íâ¨ á«ãç ï ®¯à¥¤¥«ïîâ

á« ¡®¥ ¬ £¨â®¥ ¯®«¥,  ¯àï¦¥®áâì ª®â®à®£® ¬ «  ¯® áà ¢¥¨î á  ¯àï¦¥®áâìî

ªã«®®¢  ¯®«ï ¢  â®¬¥.

Ǳà ¢¨«ìë¥ ¢¥ªâ®àë ã«¥¢®£® ¯à¨¡«¨¦¥¨ï â ª®¢ë:

	1(n; l; �;m) = 	(n; l; l +
1

2
;m)c(1)+ + 	(n; l; l � 1

2
;m)c(1)� =

	(n; l; l +
1

2
;m)cos

�

2
+ 	(n; l; l � 1

2
;m)sin

�

2
;

	2(n; l; �;m) = 	(n; l; l +
1

2
;m)c(2)+ + 	(n; l; l � 1

2
;m)c(2)� =

�	(n; l; l+ 1

2
;m)sin

�

2
+ 	(n; l; l � 1

2
;m)cos

�

2
:
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�à®¢¨ í¥à£¨¨, à ¢ë¥

E1;2 = hEi + �BHm� �E

2

s
1 + 2

�BH

�E

m

�
+

�BH

�E

2

;

¢®®¡é¥ £®¢®àï, ¥«¨¥©® § ¢¨áïâ ®â  ¯àï¦¥®áâ¨ ¯®«ï. �¨¥©®áâì ®¡ àã¦¨-

¢¥âáï ¢ ¤¢ãå á«ãç ïå. �á«¨

� =
�BH

�E
<< 1;

(á« ¡ë¥ ¯®«ï), â®

E1;2 = hEi � 1

2
�E � �BHm

2�� 1

2�
+ O(

�BH

�E
):

� ¯à®â¨¢®¯®«®¦®¬ á«ãç ¥, ª®£¤ 

1

�
=

�E

�BH
<< 1;

(á¨«ìë¥ ¯®«ï) ãà®¢¨ í¥à£¨¨ ®¯à¥¤¥«ïîâáï ä®à¬ã«®©

E1;2 = hEi + �BH(m � 1

2
) + O(

�E

�BH
):

�áâ ®¢¨¬áï á ç «    á¨«ì®¬ ¯®«¥. � íâ®¬ á«ãç ¥ ¬®¦® áç¨â âì, çâ®

tg� = �
p
�2 �m2

m
;

¨ ¯®íâ®¬ã

cos
�

2
=

r
�+m

2�
; sin

�

2
= �

r
��m

2�
:

Ǳà ¢¨«ìë¥ ¢¥ªâ®àë ã«¥¢®£® ¯à¨¡«¨¦¥¨ï ¢ íâ®¬ á«ãç ¥ à ¢ë

	1(n; l; �;m) = 	(n; l; l +
1

2
;m)

r
�+m

2�
� 	(n; l; l � 1

2
;m)

r
��m

2�
;

	2(n; l; �;m) = 	(n; l; l +
1

2
;m)

r
��m

2�
+ 	(n; l; l � 1

2
;m)

r
�+m

2�
:

Ǳ®¤áâ ¢«ïï ¢ëà ¦¥¨ï

	(n; l; l +
1

2
;m) = Y

l;m�
1

2

� 1

2

r
�+m

2�
+ Y

l;m+ 1

2

�
�

1

2

r
��m

2�
;

	(n; l; l � 1

2
;m) = �Y

l;m�
1

2

� 1

2

r
��m

2�
+ Y

l;m+1

2

�
�

1

2

r
�+m

2�
;
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 ©¤¥¬, çâ® ¯à¨ ¯®«ãç¥®¬ § ç¥¨¨ ¯ à ¬¥âà  �

	1(n; l; �;m) = Y
l;m�

1

2

� 1

2

; 	2(n; l; �;m) = Y
l;m+ 1

2

�
�

1

2

�â¨ ¢¥ªâ®àë ï¢«ïîâáï á®¡áâ¢¥ë¬¨ ¢¥ªâ®à ¬¨ ¯à®¥ªæ¨¨ ¬ £¨â®£® ¬®¬¥â   

¬ £¨â®¥ ¯®«¥. �¯¥à â®à ¬ £¨â®£® ¬®¬¥â  í«¥ªâà®  ¬®¦® ®¯à¥¤¥«¨âì à ¢¥-

áâ¢®¬

~� = �B(~l + 2~s);

¯®íâ®¬ã

~� ~H = �BH(l3 + 2s3):

Ǳ®áª®«ìªã ¯à¨ § ¤ ®¬ § ç¥¨¨ ¯à®¥ªæ¨¨ ¯®«®£® ¬®¬¥â , m, ¯à®¥ªæ¨¨ ¬®¬¥â 

¨¬¯ã«ìá  ¨ á¯¨  à ¢ë ml =m� 1
2
¨ ms = �1

2
, â® § ç¥¨ï ãà®¢¥© í¥à£¨¨ ¬®¦®

¯à¥¤áâ ¢¨âì ¢ ä®à¬¥

E1;2 = �BH(ml + 2ms) + O(
�E

�BH
)

� ª¨¬ ®¡à §®¬, «¨¥© ï § ¢¨á¨¬®áâì ãà®¢¥© í¥à£¨¨ ®â  ¯àï¦¥®áâ¨¬ £¨â®£®

¯®«ï ¢ á¨«ìëå ¯®«ïå ®¡êïáï¥âáï â¥¬, çâ® ¢¥ªâ®àë ã«¥¢®£® ¯à¨¡«¨¦¥¨ï á®®â¢¥â-

áâ¢ãîâ á®áâ®ï¨ï¬ á ®¯à¥¤¥«¥ë¬ ¬ £¨âë¬ ¬®¬¥â®¬.

�® ¯®ç¥¬ã ¦¥ ¢ á« ¡ëå ¯®«ïå, �BH << 1, â ª¦¥  ¡«î¤ ¥âáï «¨¥© ï § ¢¨á¨-

¬®áâì ®â ¯®«ï? �¥¤ì áâ æ¨® àë¥ á®áâ®ï¨ï â®ª®© áâàãªâãàë ¥ ®¡« ¤ îâ ®¯à¥¤¥-

«¥ë¬ ¬ £¨âë¬ ¬®¬¥â®¬. Ǳà¨ç¨  § ª«îç ¥âáï ¢ ç¨áâ® ª¨¥¬ â¨ç¥áª¨å á¢®©-

áâ¢ å ¢¥ªâ®à®¢: áà¥¤¥¥ § ç¥¨¥ «î¡®£® ¢¥ªâ®à  ¢ á®áâ®ï¨¨ á ®¯à¥¤¥«¥-

ë¬ ¯®«ë¬ ¬®¬¥â®¬ ª®«¨ç¥áâ¢  ¤¢¨¦¥¨ï { íâ® ¢¥ªâ®à,  ¯à ¢«¥ë©

¢¤®«ì ¯®«®£® ¬®¬¥â :

[J�; A� ] = i���A ) hr; j;mjA�jr; j;mi = hj;mjJ�jj;miA(r; j);
£¤¥

A(r; j) =
hr; j;mj ~J ~Ajr; j;mi

j(j + 1)
:

Eá«¨ í¥à£¨ï ¬ £¨â®£® à áé¥¯«¥¨ï ¬®£® ¬¥ìè¥ à áé¥¯«ª¥¨ï â®ª®© áâàãªâã-

àë, â® ¯à ¢¨«ìë¬¨ äãªæ¨ï¬¨ ã«¥¢®£® ¯à¨¡«¨¦¥¨ï ¡ã¤ãâ ¢¥ªâ®àë á ®¯à¥¤¥«¥-

ë¬¨ § ç¥¨ï¬¨ ç¨á¥« n; l; j;m. �à¥¤¥¥ § ç¥¨¥ í¥à£¨¨ ¢§ ¨¬®¤¥©áâ¢¨ï á ¬ £-

¨âë¬ ¯®«¥¬ ¢ íâ®¬ á«ãç ¥ à ¢®

�BHhr; j;mjl3 + 2s3jr; j;mi =
�BHm

j(j + 1)
(hj;mj~l ~J + 2~s ~J jj;mi):

Ǳà¥¤áâ ¢«ïï áª «ïàë¥ ¯à®¨§¢¥¤¥¨ï ¢ ä®à¬¥

~l ~J =
1

2
( ~J2 +~l2 � ~s2); ~s ~J =

1

2
( ~J2 �~l2 + ~s2);

 ©¤¥¬, çâ®

�BHhr; j;mjl3+2s3jr; j;mi =
�BHm

2j(j + 1)
(3j(j+1)� l(l+1)+

3

4
) = �BHm

j + 1
2

l + 1
2

:
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