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����� �������� ~l ¨ ~s = ~1
2
.

Ǳãáâì
~J = ~l + ~s:

�¥®¡å®¤¨¬® ¢ëà §¨âì á®¡áâ¢¥­­ë¥ ¢¥ªâ®àë ®¯¥à â®à®¢ ~J2 ¨ J3 ¢ â¥à¬¨­ å á®¡áâ¢¥­-

­ëå ¢¥ªâ®à®¢ ®¯¥à â®à®¢ ~l2; l3 ¨ ~s2; s3.

� íâ®¬ ç áâ­®¬, ­® ¢ ¦­®¬ á«ãç ¥ ¯®«¥§­® ¤ âì ¢ë¢®¤ á®®â¢¥âá¢ãîé¨å á®®â-

­®è¥­¨© ­¥ á¢ï§ ­­ë© á ®¡é¥© â¥®à¨¥© ª®íää¨æ¨¥­â®¢ �«¥¡è -�®à¤®­ , ¨á¯®«ì§ãï

­¥¯®áà¥¤áâ¢¥­­® ä®à¬ã«ã á¯¥ªâà «ì­®£® à §«®¦¥­¨ï ®¯¥à â®à  ~J2. Ǳ®áª®«ìªã ®¯¥-

à â®àë ~l ¨ ~s ª®¬¬ãâ¨àãîâ, â®

~J2 = ~J2 + ~s2 + 2~l~s:

�á«¨ à áá¬ âà¨¢ âì ¤¥©áâ¢¨¥ íâ®£® ®¯¥à â®à  ¢ ¯®¤¯à®áâà ­áâ¢¥ á ®¯à¥¤¥«¥­­ë¬

§­ ç¥­¨¥¬ j, â® ~J2 íää¥ªâ¨¢­® á¢®¤¨âáï ª

~J2 = j(j + 1) +
3

4
+~l~�:

�â  ä®à¬ã«  á®£« áã¥âáï á ®¡é¨¬ ãâ¢¥à¦¤¥­¨¥¬, çâ® «î¡ ï äã­ªæ¨ï á¯¨­®¢®© ¯¥à¥-

¬¥­­®© á¢®¤¨âáï ª «¨­¥©­®©. � ©¤¥¬ ¯à®¥ªæ¨®­­ë¥ ®¯¥à â®àë

P = a + ~�~l:

� ¬¥â¨¬, çâ® ¢ á¨«ã ­¥ª®¬¬ãâ â¨¢­®áâ¨ á®áâ ¢«ïîé¨å ~l

(~�~l)(~�~l) = ~l2 + i~�(~l �~l) = l(l + 1)� ~�~l;

¯®íâ®¬ã ãá«®¢¨¥ P 2 = P ¯à¨¢®¤¨â ª ãà ¢­¥­¨ï¬

a = a2 + b2l(l + 1); b = 2ab � b2:

� à¥§ã«ìâ â¥ ¯®«ãç îâáï ¤¢  ®¯¥à â®àë

P1 =
l + 1 + ~�~l

2l + 1
;

P2 =
l � ~�~l

2l + 1
;

ã¤®¢«¥â¢®àïîé¨¥ á®®â­®è¥­¨ï¬

Pi
2 = Pi; P1P2 = P2P1 = 0; P1 + P2 = E; lP1 � (l + 1)P2 = ~�~l

1



�¯¥à â®à ~J2 ¬®¦­® ¯à¥¤áâ ¢¨âì ª ª áã¬¬ã

~J2 = j+(j+ + 1)P1 + j
�
(j
�
+ 1)P2; j

�
= l �

1

2
:

�¥âàã¤­® á®®¡à §¨âì, çâ® á®¡áâ¢¥­­ë¬ ¢¥ªâ®à®¬ ®¯¥à â®à  ~J2, á®®â¢¥âáâ¢ãîé¨¬

ç¨á«ã j+ ¡ã¤¥â à¥è¥­¨¥ ãà ¢­¥­¨ï P2	 = 0. �â® ãà ¢­¥­¨¥ ¯à®é¥ ¢á¥£® à¥è âì,

¯à¥¤áâ ¢¨¢ á¯¨­®¢ë¥ ®¯¥à â®àë ¢ ä®à¬¥ ¤¢ãåàï¤­ëå ¬ âà¨æ,

P2 =

�
l � l3 �l

�

�l+ l + l3

�
;

  á®¡áâ¢¥­­ë© ¢¥ªâ®à { ¤¢ãåàï¤­®£® áâ®«¡æ :

	j+lM =

�
Ylm(r̂)C1

Ylm0 (r̂)C2

�
:

�á«¨ m
0

= m + 1, â® íâ®â áâ®«¡¥æ { á®¡áâ¢¥­­ë© ¢¥ªâ®à ®¯¥à â®à  J3, ª®â®àë©

¯à¥¤áâ ¢«ï¥âáï ¢ ä®à¬¥

J3 =

�
l3 +

1
2

0

0 l3 �
1
2

�
;

J3	j+lM = 	j+lMM; M = m+
1

2
:

Ǳ®áª®«ìªã áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ áâ®«¡æ®¢ á § ¢¨áïé¨¬¨ ®â  à£ã¬¥­â  r̂ í«¥¬¥­â ¬¨

à ¢­®

	1 =

�
a1(r̂)

b1(r̂)

�
: 	2 =

�
a2(r̂)

b2(r̂)

�
:h	1

�

j	2i =

Z
dr̂
�
a1
�a2 + b1

�b2

�
;

â® ­®à¬¨à®¢ ­­ë© ­  ¥¤¨­¨æã ¢¥ªâ®à à ¢¥­

	j+lM =

0
@ Ylm(r̂)

q
�+M
2�

Ylm+1(r̂)
q

��M
2�

1
A ; � = l+

1

2
; M =m+

1

2
:

�®¡áâ¢¥­­ë© ¢¥ªâ®à ~J2 ¨ J3, á®®â¢¥âáâ¢ãîé¨© á®¡áâ¢¥­­ë¬ §­ ç¥­¨ï¬ j
�
¨ M =

m+ 1
2
, à ¢¥­

	j�lM =

0
@ Ylm(r̂)

q
��M
2�

�Ylm+1(r̂)
q

�+M
2�

1
A ; � = l +

1

2
; M = m+

1

2
:

�á«¨ ®¯à¥¤¥«¨âì

tg
�

2
=

r
��M

�+M
;

2



â® ¢ á¨«ã á®®â­®è¥­¨©

cos
�

2
=

r
�+M

2�
; sin

�

2
=

r
��M

2�
;

ä®à¬ã«ë ¤«ï á®¡áâ¢¥­­ëå ¢¥ªâ®à®¢ ¬®¦­® ¡ã¤¥â § ¯¨á âì ¢ ä®à¬¥

	j+lM =

�
Ylm(r̂)cos

�
2

Ylm+1(r̂)sin
�
2

�
;

	j�lM =

�
Ylm(r̂)sin

�
2

�Ylm+1(r̂)cos
�
2

�
:

������ ��������� ������� �������

� ¬¨«ìâ®­¨ ­  â®¬  ¢®¤®à®¤  ¢ ¯à¨¡«¨¦¥­¨¨ ¡¥áª®­¥ç­® âï¦¥«®£® ¯à®â®­  ¨

­¥à¥«ïâ¨¢¨áâáª®£® í«¥ªâà®­  à ¢¥­

H0 =
1

2m
~p2 + V (r); V (r) = = �

e2

r
:

�¥«ïâ¨¢¨áâáª¨¥ ¯®¯à ¢ª¨ ª í­¥à£¨¨ í«¥ªâà®­  ¯à®¨áâ¥ª îâ ¨§ á«¥¤ãîé¨å íää¥ªâ®¢.

1. Ǳ®¯à ¢ª , á¢ï§ ­­ ï á ¨§¬¥­¥­¨¥¬ á¢ï§¨ ¬¥¦¤ã ¨¬¯ã«ìá®¬ ¨ í­¥à-

£¨¥©.

� áâ­ ï â¥®à¨ï ®â­®á¨â¥«ì­®áâ¨ ãç¨â, çâ® í­¥à£¨ï ç áâ¨æë ¬ ááë m á ¨¬¯ã«ìá®¬ ~p

à ¢­ 

E = mc2

r
1 +

� ~p

mc

�2
:

�¤¥à¦¨¢ ï ¢ à §«®¦¥­¨¨ ª¢ ¤à â®­®£® ª®à­ï ¢ àï¤ �¥©«®à  â®«ìª® ª¢ §¨à¥«ïâ¨¢¨áâ-

áªãî ¯®¯à ¢ªã, ¯®«ãç¨¬ â ª®¥ ¢ëà ¦¥­¨¥ ®¯à¥ â®à  ª¨­¥â¨ç¥áª®© í­¥à£¨¨

T = mc2 +
1

2m
~p2 �

1

2mc2

� ~p2

2m

�2
:

2. Ǳ®¯à ¢ª , á¢ï§ ­­ ï á ­ «¨ç¨¥¬ ã í«¥ªâà®­  á®¡áâ¢¥­­®£® ¬®¬¥­â 

ª®«¨ç¥áâ¢  ¤¢¨¦¥­¨ï.

� ª ã¦¥ £®¢®à¨«®áì ­  ¯à®è«®© «¥ªæ¨¨, ­ «¨ç¨¥ ã í«¥ªâà®­  ¬ £­¨â­®£® ¬®¬¥­â 

~� = �0~s

¯à¨¢®¤¨â ª ¯®ï¢«¥­¨î ã ­¥£® í«¥ªâà¨ç¥áª®£® ¤¨¯®«ì­®£® ¬®¬¥­â 

~d =
1

c
(~v � ~�):
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�­¥à£¨ï í«¥ªâà¨ç¥áª®£® ¬®¬¥­â  ¢ ªã«®­®¢®¬ ¯®«¥ ï¤à  ®¯¨áë¢ ¥âáï ®¯¥à â®à®¬

Hos =
e2�h2

2m2c2
1

r3
~l~s:

3. Ǳ®¯à ¢ª , á¢ï§ ­­ ï á ­ «¨ç¨¥¬ ã í«¥ªâà®­   ­â¨ç áâ¨æë { ¯®§¨-

âà®­ .

Ǳ®á«¥¤®¢ â¥«ì­ ï à¥«ïâ¨¢¨áâáª ï â¥®à¨ï í«¥ªâà®­ , ãâ¢¥à¦¤ ¥â, çâ® í«¥ªâà®­ { íâ®

ç áâ¨æ  �¨à ª  {   ­¥ª®â®à®¥ ®¡ê¥¤¨­¥­¨¥ ç áâ¨æë ¨  ­â¨ç áâ¨æë { í«¥ªâà®­  ¨

¯®§¨âà®­ . �ãé¥áâ¢¥­­®, ¯à¨ ¯®¯ëâª¥ ¢ë¤¥«¨âì ¨§ ç áâ¨æë �¨à ª  á®áâ®ï­¨¥ á

®¯à¥¤¥«¥­­ë¬ § àï¤®¬, ­ ¯à¨¬¥à í«¥ªâà®­, ¯®«ãç îâ ­¥«®ª«¨§®¢ ­­®¥ á®áâ®ï­¨¥, ¢

ª®â®à®¬ ª®®à¤¨­ âë ç áâ¨æë ¬®¦­® ¨§¬¥à¨âì «¨èì á â®ç­®áâìî

�x � �c =
�h

mc
:

Ǳ®áâ®ï­­ãî à §¬¥à­®áâ¨ ¤«¨­ë �c, £¤¥ m { ¬ áá  í«¥ªâà®­ , ­ §ë¢ îâ ª®¬¯â®­®-

¢®© ¤«¨­®© ¢®«­ë í«¥ªâà®­ . Ǳà®¨áå®¦¤¥­¨¥ íää¥ªâ¨¢­®© ­¥«®ª «ì­®áâ¨ «¥£ª®

¯®­ïâì ¨§ á«¥¤ãîé¨å á®®¡à ¦¥­¨©: ¯à¨ ¯®¯ëâª¥ «®ª «¨§®¢ âì í«¥ªâà®­ á â®ç­®áâìî

¤® ª®¬¯â®­®¢®© ¤«¨­ë ¢®«­ë ¢®§­¨ª ¥â ­¥®¯à¥¤¥«¥­­®áâì ¨¬¯ã«ìá 

�p �
�h

�c
= mc;

�â®¬ã ¨¬¯ã«ìáã á®®â¢¥âáâ¢ã¥â í­¥à£¨ï,¯à¥¢ëè îé ï ¬ ááã ¯®ª®ï ç áâ¨æë, ¢ íâ®¬

á«ãç ¥ ¯à¨ ®¯¨á ­¨¨ ¯®¢¥¤¥­¨ï í«¥ªâà®­  ¯à¨å®¤¨âáï ãç¨âë¢ âì ¢®§¬®¦­®¥ à®¦¤¥-

­¨¥ ¯ àë "í«¥ªâà®­+¯®§¨âà®­". �¥¯à¥¤¥«¥­­®áâì ¢ ¯®«®¦¥­¨¨ í«¥ªâà®­  ¯à¨¢®¤¨â

ª ­¥®¯à¥¤¥«¥­­®áâ¨ ¥£® ¯®â¥­æ¨ «ì­®© í­¥à£¨¨. �ää¥ªâ¨¢­ë© ¯®â¥­æ¨ « ¡ã¤¥â ¢ë-

£«ï¤¥âì ¯à¨¬¥à­® â ª:

V (~r) =

Z
�(~r

0

)V (~r + ~r
0

)d~r
0

:

� §« £ ï ¯®â¥­æ¨ « ¢ àï¤ �¥©«®à  ¨ ã¤¥à¦¨¢ ï á« £ ¥¬ë¥ ¢¯«®âì ¤® ¢â®à®£® ¯®àï¤-

ª  ¯® ª®¬¯â®­®¢®© ¤«¨­¥ ¢®«­ë í«¥ªâà®­  ¯®«ãç¨¬ áã¬¬ã ªã«®­®¢  ¯®â¥­æ¨ «  ¨

®¯¥à â®à

HD =
�h2

8m2c2
r
2V (r):

�â  ¢¥«¨ç¨­  ¡ë«  ¢¯¥à¢ë¥ ¯®«ãç¥­  � à¢¨­ë¬ { ¢­ãª®¬ á®§¤ â¥«ï ¤ à¢¨­¨§¬ 

{ ¨ ­®á¨â ­ §¢ ­¨¥ ¯®¯à ¢ª¨ � à¢¨­ .

Ǳà¨¢¥¤¥¬ ¯®«­®¥ ¢ëà ¦¥­¨¥ £ ¬¨«ìâ®­¨ ­  í«¥ªâà®­  ¢ ªã«®­®¢®¬ ¯®«¥ ¢ ª¢ -

§¨à¥«ïâ¨¢¨áâáª®¬ ¯à¨¡«¨¦¥­¨¨:

H = mc2 + H0 + H1;

£¤¥

H0 =
~p2

2m
+ V (r);
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H1 = H�m + Hso + HD:

�á¥ á« £ ¥¬ë¥, ®¡ê¥¤¨­¥­­ë¥ ¢ H0 ¨ H1 { ¢¥«¨ç¨­ë ®¤­®£® ¯®àï¤ª :

h
~p2

2m
i � h

e2

r
i �

me4

�h2
= �2mc2;

£¤¥

� =
e2

�hc
:

�­ «®£¨ç­® ®æ¥­¨¢ îâáï á« £ ¥¬ë¥, ¢å®¤ïé¨¥ ¢ H1:

hH�mi �
1

mc2
(
e2

r0
)2 = �2

me4

�h2
;

hHsoi � hHDi �
e8m

c2�h4
= �2

me4

�h2
:

�¥§à §¬¥à­ ï ¯®áâ®ï­­ ï � à ¢­ 

� =
1

137:035989
;

®­  ¯à¥¤áâ ¢«ï¥â á®¡®© áà¥¤­¥¥ §­ ç¥­¨¥ áª®à®áâ¨ í«¥ªâà®­  ¢  â®¬¥ ¢®¤®à®¤ , ¢ëà -

¦¥­­®© ¢ ¥¤¨­¨æ å áª®à®áâ¨ á¢¥â :

h
v

c
i = h

p

mc
i �

�h

mcr0
=

e2

�hc
:

�¥«¨ç¨­ã � ®¡ëç­® ­ §ë¢ îâ ¯®áâ®ï­­®© â®­ª®© áâàãªâãàë.

������� ��������-�������� � ������ �������

����������� ��������

�¢­®¥ ¢ëç¨á«¥­¨¥ â®­ª®© áâàãªâãàë ãà®¢­¥© ¬®¦­® ¢ë¯®«­¨âì ®¡à â¨¢è¨áì ª

â¥®à¥¬¥ �¥©­¬ ­ -�¥«ì¬ ­ , ãâ®ç­¥­­®© ­  á«ãç © ¢ëà®¦¤¥­¨ï á®¡áâ¢¥­­ëå §­ ç¥-

­¨©.

Ǳãáâì ¤«ï ª ¦¤®£® n ¢ë¯®«­ïîâáï à ¢¥­áâ¢ 

H	ns = 	nsEn; s = 1; :::; rn;

¯à¨ç¥¬ ¢¥ªâ®àë 	ns ®¡à §ãîâ ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á ¢ ¯à®áâà ­áâ¢¥ á®áâ®ï­¨©.

�à ¢­¥­¨ï ¤«ï ¢¥ªâ®à®¢ 	ns ¬®¦­® ¯à¥¢à â¨âì ¢ à ¢¥­áâ¢ 

h	nsjHj	ns
0 i = Æss0Ens; Ens = Ens

0 : h	nsj	ns
0 i = Æss0 :

5



� à¨ æ¨¨ ¬ âà¨ç­ëå í«¥¬¥­â®¢ £ ¬¨«ìâ®­¨ ­  ¯à¨¢®¤ïâ ª ãà ¢­¥­¨ï¬

hÆ	nsjHj	nsi + h	nsjÆHj	nsi + h	nsjHjÆ	nsi = Æss0 ÆEns:

Ǳ®áª®«ìªã 	ns { ®àâ®­®à¬¨à®¢ ­­ë¥ á®¡áâ¢¥­­ë¥ ¢¥ªâ®àë ®¯¥à â®à  H, â®

hÆ	nsjHj	ns
0 i + h	nsjHjÆ	ns

0 i = hÆ	nsj	ns
0 iEn + Enh	nsjÆ	ns

0 i = 0:

� ª¨¬ ®¡à §®¬ ¤®«¦­ë ¢ë¯®«­ïâìáï á®®â­®è¥­¨ï

h	nsjÆHj	ns
0 i = Æss0 ÆEns:

�â  ä®à¬ã«  ¬®¦¥â ®ª § âìáï ¢­ãâà¥­­¥ ¯à®â¨¢®à¥ç¨¢®©, ¯®áª®«ìªã ¯à ¢ ï ç áâì

à ¢¥­áâ¢  ¤¨ £®­ «ì­ ¯® ¨­¤¥ªá ¬ s ¨ s
0

,   «¥¢ ï ¢®¢á¥ ­¥ ®¡ï§ ­  ¡ëâì ¤¨ £®­ «ì­®©.

�¤­ ª®, ­¥âàã¤­® ¯®ª § âì, çâ® ¢¥ªâ®àë 	ns ¢á¥£¤  ¬®¦­® ¢ë¡à âì â ª, çâ®¡ë

¢ë¯®«­ï«¨áì à ¢¥­áâ¢ 

h	nsjÆHj	ns
0 i = Æss0 h	nsjÆHj	nsi:

�ã©áâ¢¨â¥«ì­®, ¯®áª®«ìªã á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ®¯¥à â®à  H ¢ëà®¦¤¥­ë, â® ¢¥ªâ®-

àë 	ns ®¯à¥¤¥«¥­ë á â®ç­®áâìî ¤® ã­¨â à­®£® ¯à¥®¡à §®¢ ­¨ï

	ns )

X
s
0

	ns
0Fs0s; = F̂+ = F̂�1:

� âà¨ç­ë¥ í«¥¬¥­âë ®¯¥à â®à  ÆH ¨§¬¥­ïîâáï ¯à¨ â ª®¬ ¯à¥®¡à §®¢ ­¨¨ á«¥¤ãî-

é¨¬ ®¡à §®¬:

ÆĤ ) F̂+ÆĤF̂ :

Ǳ®áª®«ìªã ¬ âà¨æ  ÆĤ { ª®­¥ç­®¬¥à­ ï íà¬¨â®¢  ¬ âà¨æ , â® ¢á¥£¤  ­ ©¤¥âáï ã­¨-

â à­ ï ¬ âà¨æ , ¤«ï ª®â®à®© ¬ âà¨æ  F̂+ÆĤF̂ ¡ã¤¥â ¤¨ £®­ «ì­®© ¯® ¨­¤¥ªá ¬ s ¨

s
0

.

� ¨â®£¥ ¯®«ãç ¥âáï ä®à¬ã« , ®¯à¥¤¥«ïîé ï ¢ à¨ æ¨¨ ãà®¢­¥© í­¥à£¨¨ ¯à¨ ¢ -

à¨ æ¨ïå £ ¬¨«ìâ®­¨ ­ :

ÆEns = h	nsjÆHj	nsi:

Ǳà¨ íâ®¬ ¢¥ªâ®àë 	ns ¤®«¦­ë ã¤®¢«¥â¢®àïâì ãá«®¢¨ï¬

h	nsjHj	ns
0 i = Æss0En; h	nsjÆHj	ns

0 i = Æss0 ÆEns:

����� ���������� ������� ������ ���������

Ǳ®¯à ¢ª¨ ª ãà®¢­ï¬ í­¥à£¨¨, ®¡ãá«®¢«¥­­ë¥ £ ¬¨«ìâ®­¨ ­®¬ â®­ª®© áâàãªâã-

àë, ®¯à¥¤¥«ïîâáï ¯®á«¥ ¢ëç¨á«¥­¨ï áà¥¤­¥£® §­ ç¥­¨ï £ ¬¨«ìâ®­¨ ­  ¢ á®áâ®ï­¨ïå,

®¯à¥¤¥«ï¥¬ëå ¢¥ªâ®à ¬¨ jn; l; j;mi.
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Ǳà¨ ãáà¥¤­¥­¨¨ ®¯¥à â®à  H�m ã¤®¡­® ¯à¥¤áâ ¢¨âì ¥£® ¢ ä®à¬¥

hH�mi �
1

mc2
(
e2

r0
)2 = �2

me4

�h2
; = �

1

2mc2

�
H0 � V (r)

�2

¨ § ¬¥­¨âì ®¯¥à â®à H0 ­  ç¨á«® En { á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ íâ®£® ®¯¥à â®à . �

à¥§ã«ìâ â¥ § ¤ ç  á¢¥¤¥âáï ª ¢ëç¨á«¥­¨î áà¥¤­¥£® §­ ç¥­¨ï ¢¥«¨ç¨­ë

�
1

2mc2

�
En

2 + 2e2En

1

r
+

e4

r2

�
:

Ǳ®á«¥ áà¥¤­¨å §­ ç¥­¨© à ¤¨ãá  ¢ á®®â¢¥âáâ¢ãîé¨å áâ¥¯¥­ïå ¯®«ãç ¥âáï ç¨á«®

E�m =
e2

2r0n2
�2

n3

� 3

4n
�

1

l + 1
2

�
= �En

�2

n3

� 3

4n
�

1

l+ 1
2

�
:

�à¥¤­¥¥ §­ ç¥­¨¥ ®¯¥à â®à 

Hos =
e2�h2

2m2c2
1

r3
~l~s:

¯à®¯®àæ¨®­ «ì­®

hnljmj~l~sjmjlni =

�
j(j + 1)� l(l + 1)� 3

4
; l 6= 0

0; l = 0

� ª¨¬ ®¡à §®¬ ®¯¥à â®à Hos ¨§¬¥­ï¥â §­ ç¥­¨ï «¨èì ãà®¢­¥© á l 6= 0. �á«¨ íâ®

ãá«®¢¨¥ ¢ë¯®«­¥­®, â®

Eso =
e2�h2

2m2c2
h
1

r3
i(j(j + 1)� l(l + 1)�

3

4
):

Ǳ®¤áâ ¢«ïï ¢ ä®à¬ã«ã áà¥¤­¥¥ §­ ç¥­¨¥ 1
r3
, ¯®«ãç¨¬

Eso = �
e2

2r0

�2

n3

8<
:

1

(l+1
2
)(l+1)

; j = l + 1
2

�
1

l(l+1
2
)
; j = l � 1

2

l 6= 0:

Ǳ®¤áâ ¢«ïï ¢ ä®à¬ã«ã ¤«ï ¯®¯à ¢ª¨ � à¢¨­ 

HD =
�h2

8m2c2
r
2V (r):

¯®â¥­æ¨ « V (r) = �
e2

r
¨ ãç¨âë¢ ï ä®à¬ã«ã

r
2 1

r
= �4�Æ(~r);

­ ©¤¥¬, çâ®
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ED = �
��h2e2

2m2c2
j	(0)j2:

�­ ç¥¨¥ äã­ªæ¨¨ 	(0) ®â«¨ç­® ®â ­ã«ï «¨èì ¯à¨ l = 0. Ǳà¥¤¯®« £ ï, çâ® l 6= 0 ¨

áª« ¤ë¢ ï ç¨á«  E�m, Eso, ­ ©¤¥¬ ¯®¯à ¢ªã ª ãà®¢­ï¬ í­¥à£¨¨ (¯®ª  â®«ìª® ¯à¨

l 6= 0):

Ef = �2
e2

2r0n2
1

n

� 3

4n
�

1

j + 1
2

�
:

Ǳà¨ ­ã«¥¢®¬ §­ ç¥­¨¨ ¬®¬¥­â  ¨¬¯ã«ìá  á¯¨­-®à¡¨â «ì­ãî ¯®¯à ¢ªã § ¬¥­ï¥â ¯®-

¯à ¢ª  � à¢¨­ . �ç¨âë¢ ï, çâ® ¯à¨ l = 0 ¯®«­ë© ¬®¬¥­â ª®«¨ç¥áâ¢  ¤¢¨¦¥­¨ï à ¢¥­
1
2
, ­ ©¤¥¬, çâ® â®«ìª® çâ® ¯®«ãç¥­­ ï ä®à¬ã«  á¯à ¢¥¤«¨¢  ¯à¨ «î¡ëå §­ ç¥­¨ïå l.

����������� ��������� ������� �������

�ë â®«ìª® çâ® ­ è«¨ §­ ç¥­¨ï ãà®¢­¥© í­¥à£¨¨ á â®ç­®áâìî ¤® �4. �â®ç­¥­¨¥

íâ¨å à¥§ã«ìâ â®¢ âà¥¡ã¥â §­ ª®¬áâ¢  á ®¡é¥© â¥®à¨¥© ¢®§¬ãé¥­¨©, çâ® ¡ã¤¥â á¤¥« ­®

¯®§¤­¥¥. �¤¥áì ¬ë ¢ëïá­¨¬, ª ª ¢«¨ï¥â ­  áâàãªâãàã ãà®¢­¥© í­¥à£¨¨ ª®­¥ç­®áâì

¬ ááë ¯à®â®­ . Ǳ®áª®«ìªã ¬ ááë í«¥ªâà®­  ¨ ¯à®â®­  à ¢­ë

me = 0:51
Mev

c2
; mp = 938:27

Mev

c2
;

â® ®â­®è¥­¨¥
me

mp

= 0:55� 10�3

¯à¨¬¥à­® ­  ¯®àï¤®ª ¡®«ìè¥ §­ ç¥­¨ï

�2 = 0:53� 10�4;

¯®íâ®¬ã ¢«¨ï­¨¥ ª®­¥ç­®áâ¨ ¬ ááë ¯à®â®­  ¢ ¯¥à¢®¬ ¯®àï¤ª¥ ¯® ®â­®è¥­¨î ¬ ááá

áãé¥áâ¢¥­­¥¥ íää¥ªâ®¢ á«¥¤ãîé¥£® ¯®àï¤ª  ¯® �2.

�â®¡ë ¯®«ãç¨âì ï¢­ë¥ ä®à¬ã«ë, ãç¨âë¢ îé¨¥ íâ®â íää¥ªâ, ®¡à â¨¬áï ª £ -

¬¨«ìâ®­¨ ­ã, ®¯¨áë¢ îé¥¬ã ¯®¢¥¤¥­¨¥ í«¥ªâà®­  ¢® ¢­¥è­¥¬ ¬ £­¨â­®¬ ¯®«¥:

H =
1

2me

�
~p�

e

c
~A(~r)

�2
�

e2

r
� 2�B~s ~H

Ǳ®áª®«ì«ã ¯à®â®­ ®¡« ¤ ¥â á®¡áâ¢¥­­ë¬ ¬ £­¨â­ë¬ ¬®¬¥­â®¬ ~M , â® ®­ á®§¤ ¥â

¬ £­¨â­®¥ ¯®«¥

~A(~r) =
~M � ~r

r3
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ã¤¥à¦¨¢ ï ¢ £ ¬¨«ìâ®­¨ ­¥ «¨èì «¨­¥©­ë¥ ¯® ¢¥ªâ®à­®¬ã ¯®â¥­æ¨ «ã á« £ ¥¬ë¥,

¯®«ãç¨¬ ®¯¥à â®à

H = H0 + Hhf ;

£¤¥

H0 =
1

2me

~p2 �
e2

r
;

Hhf = �
e

2mec

�
~p ~A(~r) + ~A(~r)~p

�
� 2�B~s ~H:

� ¬¥â¨¬, çâ®

~p ~A+ ~A~p =
�
~p( ~M � ~r)

1

r3
+

1

r3
( ~M � ~r)~p

�
:

Ǳ®áª®«ìªã

~p( ~M � ~r) = ( ~M � ~r)~p = ~M (~r � ~p) = �h ~M~l;

â® ¯¥à¢®¥ á« £ ¥¬®¥ ¢ Hhf à ¢­®

�2�B
~M~l

r3

Ǳà¨ ¢ëç¨á«¥­¨¨ ¢â®à®£® á« £ ¥¬®£® á«¥¤ã¥â ãç¥áâì ¢ ­¥¬ á¨­£ã«ïà­®áâì ¢ ­ ç «¥

ª®®à¤¨­ â. Ǳà¨ ¤¨ää¥à¥­æ¨à®¢ ­¨¨ íâ® ¯à¨¢®¤¨â ª ¯®ï¢«¥­¨î Æ-äã­ªæ¨¨. � à¥§ã«ì-

â â¥ £ ¬¨«ìâ®­¨ ­ á¢¥àåâ®­ª®£® ¢§ ¨¬®¤¥©áâ¢¨ï ¯à¨­¨¬ ¥â ¢¨¤:

Hhf = �g�B�nf
~I~l

r3
+

3(~I~r)(~s~r)

r5
�

~I~s

r3
+

8�

3
(~I~s)Æ(~r)g:

� íâ®¬ ¢ëà ¦¥­¨¨ �n { ï¤¥à­ë© ¬ £­¥â®­, g { £¨à®¬ £­¨â­®¥ ®â­®è¥­¨¥ ¯à®â®­ .

�à®¢­¨ â®­ª®© áâàãªâãàë ¯à¨ ãç¥â¥ í­¥à£¨¨ Hhf à áé¥¯«ïîâáï, ¯®áª®«ìªã ¢

íâ®¬ á«ãç ¥ §­ ç¥­¨ï í­¥à£¨¨ ­ã¬¥àãîâáï ç¨á« ¬¨ n; l; j; f , £¤¥ ç¨á«  f ­ã¬¥àãîâ

á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ª¢ ¤à â  ¯®«­®£® á¯¨­   â®¬ ,

~F = ~s + ~I:
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