Jleknuss Ne6

§9. IIpuHUMN CKMMAKOIIUX 0TOOPAaKEHUIA.
TeopeMbl 0 HEMOABUKHOM TOUYKE.

[Iycte D — omeparop, BOOOIIEe TOBOpS, HEIWHEHHBINA, NEHCTBYIOIIMI W3 OaHaxoBa
mpocTpaHcTBa B B ceOs.

Onpenenenue. Omneparop D, neictByroumii u3 6aHaxoBa mpocTpaHcTBa B B ceds,
Ha3bIBACTCS COKMMAIOIIMUM (MM CKUMAIOUIUM OTOOpPaXXEHUEM), €CIIU CYILECTBYET KOHCTAHTA ¢
takass, uro 0<g<l w gma moObIX y,),€B BBIIIOJJHEHO ~ HEPaBEHCTBO

||Dy1 —Dy2||S CI'”yl _y2||-

Herpynno mnokasarb (caenaiiTe 3TO CaMOCTOSATENbHO), YTO CXKMMAIOIIMK omnepaTop
ABIISIETCS] HEIPEPBIBHBIM.

Omnpenesieane. DIeMEHT ) Ha3bIBaeTCsl HEMOABMKHOM TOUKOM omeparopa D, eciau

Dy=y.

Huxe MBI moKaxem, 4TO y COKMMAIOIIETO OMNEparopa, ASHCTBYIOIIETO B OaHAXOBOM
MPOCTPAHCTBE, €CTh U MIPU TOM €IMHCTBEHHAs, HEMOIBM)KHAS TOYKa. HamomMHMM, yT0 GaHAXOBO
MPOCTPAHCTBO — 3TO IMOJTHOE HOPMHUPOBAHHOE MPOCTPAHCTBO, U MIPH JOKA3ATEILCTBE MBI Oy1eM
WCITOJIB30BAaTh MOJIHOTY TPOCTpPaHCTBA B .

[IpenBapuTenbHO JTOKaKEM OJHO BCIIOMOTaTeIbHOE YTBEpKIeHUe. bynem Ha3bIBaTh
pPAIOM OECKOHEYHYIO CYMMY AJIEMEHTOB IMPOCTPAHCTBA B

Zl+zz+...+zn+...:Zzn, rne z,e€B, n=L2,..,
n=1

N
a S, = ZZn - ero 4acTu4Hoil cymmoil. Kak 0OBIYHO, OIpenenuM CXOAUMOCTb psja Kak
n=1
CXOMMOCTb IOCJIEJOBATEIIBHOCTU €r0 YACTUYHBIX CyMM, T.€. ecnu S, =S, rne S,Sy,z, € B,
N—ow
TO TOBOPST, YTO PSI/I CXOTUTCS, a 3JIEMEHT S Ha3bIBAETCS €ro CyMMOI.
[TockoapKy TPOCTPAaHCTBO B TONHOE, TO HEOOXOAMMBIM M JTOCTATOYHBIM YCJIOBUEM

n+p
CXOAMMOCTH psifa spisierca kputepu Komm: Ve>0 IN Van>N Vp=>1 Z Z|<€.
k=n+1

Teopema (mpu3Hak BeiiepmiTpacca CXOAUMOCTH psaa). Ilycte
||zn|| <a,, a,20, n=12,.. (a,- nocaenoBaTeIbHOCTh HEOTPULATEIbHBIX unceln). Toraa us

0 o0
CXOAUMOCTH YUCIIOBOT'O pAla Zan CIIeayCT CXOONUMOCTD psaaa z z,.

n=1 n=1
HOKaL’»aTeJ’ILCTBO. 4] HCEPAaBCHCTBA TPCYT'OJIbHUKA U YCIIOBUA TCOPEMBI CIICAYCT
n+p n+p

<y ||zk||S 2.4 .
k=n+1 k=n+1

3anumem kputepuit Komm kak meobxodumoe ycinoBHE CXOOUMOCTH YHCIOBOTO psiaa
n+p

a,: ma Ve>0 IN Vnz=N Vpz=l Z a,<¢€. W3 ororo HepaBeHCTBA U
n=1 k=n+1
HEPABEHCTBA, MOJIYYEHHOIO B HayaJle I0Ka3aTeIbCTBA TEOPEMBI, CIELYET, UTO, HAYNHAS C ATOrO
n+p
HOMeEpa, z z,/|[£ €, T.e. BblmonHsercs kpurepuil Komm kak docmamounoe ycinoBue
k=n+1
CXOJIMMOCTH psiZia B 0aHaxOBOM NpOCTpaHCTBE B.
Teopema (0 HemoaBM:kHON Touke). Ilyctb D — cxumaromuii omneparop. Torza
CYILIECTBYET, U IPUTOM €IMHCTBEHHAs, TOUKa ) € B Takas, yto Dy = y. JTa TOUKa MOXKET OBITh

n+p

2z,
k=n+1
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HaiiieHa METOJIOM MOCIE0BATEIbHBIX MPUOIKEHUN (mpocroit WTEpaIun):
Vou=Dy,, n=0,12,.., rne y,€B - MPOU3BOJbHAS (PUKCHUPOBAaHHAS TOYKa
IPOCTpaHCTBA B (HadyaiabHOE NPUOIMKEHUE), IpuueM y, = y: Dy =y.

JloKa3aTenbeTBo.
1) EnunctBeHHOCTb. IlyCTh CyIIECTBYIOT JABE HENOJABMXKHBIE TOUKH ), H V,:

Dy, =y,,Dy,=y,, y, #y,. Torma 0<||y1 _y2|| :”Dyl —Dy2||£q||y1 _y2||<||y1 -
NPUXOAUM K HPOTUBOPEUHnIo. EIMHCTBEHHOCTH JOKA3aHa.

2) CymiecTBOBaHHE JOKQXEM METOAOM IOCIEAOBATENbHBIX MPUOTMKCHUN. 3amaauM
IPOM3BOJBHOE HayallbHOE TPUOIMIKEHHE ), €B W paccMOTpUM MOCIEN0BATEIbHOCTD

, U MBI

V,u=Dy, , n=0,12,... JlokaxkeM ee CXOIUMOCTb.

BaMeTI/IM, 9dTO CXOANMOCTb IOCJICAOBATCIIBHOCTU y, PaBHOCHJIbBHA CXOAHUMOCTU psiaa

Vot =0 =Y )+, =y, )+ (= Ye) + 0,
%,_J

obwuil
ujen paoa

Vo _yn_1||§---36]" , 0<g<1, 10 00WMI

Tak xak ||yn+1 =V, = ||Dyn -Dy,, ” < q|

Yi=Xo
—
=const
YieH psila MaXOPHUPYETCs WIEHOM OEeCKOHEYHO YOBIBAIOIIECH IeOMETPUYECKOW MPOrpeccHH, a,
TEM CaMbIM, IIOCIE€IOBAaTEIBHOCTh ), CXOOUTCS IO TpU3HAKy Be#epmrpacca, T.e.

y, =y, VEB.
[Tokaxxem, yto Dy =y, T.e. y— HENOJABW)KHAas TO4Ka omeparopa. Ilycte 310 HE Tak:
Dy=y, y#y. Torga JUIS 100010 HaTypaJIbHOTO n UMeeT MECTO

0<|y=3|<|7 = vou + o = 3| =Dy = Dy, | + |0 = 3| < a|y -y,

CIIEyET, YTO || y— ?” =0,wm y=7y.Teopema 1oka3aHa.

+|

Vst —y|| — 0, wu3 dero
n—>0

Teopema. Ilyctes D - oneparop, oToOpakaromuii 6aHaxoBO MpocTpaHCTBO B B ceds, u
CYIIECTBYET HATypalbHOE 4HCIO0 k Takoe, uto D" - cxxumarommii oneparop. Torma cymecTByeT
€IMHCTBEHHAsl HEMOBM)KHAs Touka onepatopa D (Takas, 4ro Dy = y ), IpUYEM ) MOXKET OBbITH

HalJIeHo METOI0M MOCJIENOBATEIILHEIX MPUOJIMKCHHN : U1 JIF000T0 Y, €B:
Vou=Dy,, n=01L..,y —>».
JokasarenscTBo. 1) Bo3bMeM 51t000M 371EMEHT y, M OJIYYUM [IOCIIe10BATEIbHOCTD

Yo Vi oo Via Vi Vst --- By Yoo ---
1 T T T T T
Dy, Dk_lyo Dkyo Dk+1y0 DZk_lyo Dzkyo

PaCCMOTpI/IM noAnoCICaJ0BaTCIIbHOCTH

Ves ¥, =D"y,, Vop = Dk(Dkyo),... - y (TK Dk CXKUMAIOIINT );
Vs Visl = Dkyl, Voksl = Dk(Dkyl),... — y ( y TO XK€, T.K. Dk COKUMAIOITUH, U

€ro HCIOJABHMXXHAasA TOYKa HE 3aBHCUT OT BBI60pa Ha4yaJIbHOI'o HpI/I6J'II/DK€HI/IH B MCTOJC
IOCJIICAOBATCIbHBIX HpH6J’IH)KCHHﬁ);

k k., k
Vi-1> Y2k-1=D"yi_1, ¥3k=1 =D (D" yf_1)se- > ¥.
BepHCMCH K HCXOI[HOﬁ nocCJIICA0OBAaTCIbHOCTH M 3aMCTHM, 4YTO OHa COCTOHUT U3 k
HOHHOCHCHOBHTCHBHOCTeﬁ, Kaxxaast U3 KOTOpI)IX CXOOUTCA K y . OTCIOI[a JICTKO cneﬂyeT, qT0 U

BCA IOCIICAOBATCIBHOCTL CXOAUTCA K ). O‘-IGBI/II[HO, qTo YKaSaHHBIﬁ QJICMCHT y U ABJIACTCA

HETIOJIBU>KHOM TOYKOM omepaTopa D*.
2) JloKakeM, 4TO HeMOBHKHbIE TOUKH OorepatopoB D u D* coBmanaior.
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Ilycte y - HenmoaBWKHAs TOouka omneparopa D, T.e. y = Dy . IloaeiictByem B nociegHeM
paBencTBe cieBa u cipaBa (k —1) pas omepatopom D . Ilonyuum y = D"y, T.e. HemojBIKHAS

TOUKa omepaTopa D sBIseTCS HEMOJBMKHON TOuKoi omepatopa D“. B cumy Toro, uto D* -
CKMMAIOIIMKA ONEpaToOp M, CJIEJOBATEIbHO, HMMEET TOJBKO OJHY HEMOJABWKHYIO TOUYKY,
HEMOABMKHAs TOYKA oneparopa [ eJUHCTBEHHA (€CJIU OHA CYILECTBYET).

Jlokaxkem oOpaTtHOe yTBepskaeHue. IlycTh y - HemoJBIKHAs Touka omepatopa D, T.e.
y=D"y,tornra Dy=D(D")"y=D"(Dy) —> ¥ B CUIly TOIO, 4TO METOL MPOCTON WUTEpaluu

CXOJUTCSl K HEMOJABMKHOW TOYKE HE3aBUCHUMO OT HayaJgbHOro npuOamkeHus. B pesynbrare
y=Dy,T.e. y - HenoABWxHas Touka oneparopa D . Teopema noka3aHa.

§10. Heonnopoaubie ypaBHenuss @pearoabma 2-ro poaa ¢ «MajbiM» A .

b
bynem paccmarpuBaTh MHTErpalibHBIM omeparop A: Ay E.[K (x,s)y(s)ds, roe sapo

K(x,s) HENpepbIBHO MO COBOKYIHOCTH MEPEMEHHBIX X,S, HO HE MPEANoyaraeTcsi, BooOIIe
rOBOPSI, CHMMETPHUUECKHM.

b
Onpenenum onepatop D: Dy=AAy+ f = /1J.K (x,8)y(s)ds+ f(x), f(x) -3anaHHas

HenpepbIBHAS QyHKIMSL.

WNurerpansuoe ypaBHenue ®dpearonbMa 2-ro poga MOXKHO 3alKcaTbh B ONEPATOPHOM
Bune: y(x)=AAy+f wm y=Dy.

UYroObl NMPUMEHUTh TEOPEMY O HEMOJABM)KHOM TOUYKE, MOKAa3aHHYIO B IPEIbIIyIIeM
naparpade, oneparop D Helb3s paccMaTpuBaTh B MPOCTPAHCTBE A[a,b], T.K. 3TO — HETOIHOE
npoctpaHcTBo. bynem paccmarpusath onepatop D: Cla,b]l — Cla,b] (Cla,b]- Ganaxoso, T.e.
[I0JTHO€ HOPMHUPOBAHHOE MPOCTPAHCTBO). O4eBUIHO, YTO D SABISIETCS HEMPEPBIBHBIM, BOOOIIE
rOBOpPsl, HEIMHEWHBIM OINEPATOPOM, a PELIEHUE HHTErPajJbHOrO YpPaBHEHHUs SBISETCS €ro
HENOJIBMKHON TOYKOH.

HaijinemM nocraTtouHble ycClIoBuUS, IIPU KOTOPBIX omneparop D SBISETCS CKUMAIOLIUM.
Bo3semem npousBonbHeIE ), V, € Cla,b] u onpenenum

zy=Ady, + f=Dy; z,=Ady,+f =Dy,

O603Ha9NM max]|K (x,s)| =M wu nns noboro x €[a,b] moNy4nuM OLICHKY

x,5€[a,b

[21@) =2, (0)| = 2] K (x.)(3,(5) = v (5))ds| < |ﬂ|M(gg;<]|yl ()=, (s)lj(b —a)=|AM (b=a)|y, = 3|,

Orcrona ”Zl _Zznc[a’,,] = ”Dyl _Dy2||C[a,b] < |ﬂ|M(b_a)”yl _y2||C[

ab] °
O6o3HaunM ¢ = |/1|M (b—a) n norpeGyem, 4TOOBI BHIIOTHSIIOCH yCioBUe ¢ <1. B aTom

ciydyae omeparop D, peiictByromuii B 0aHaxoBoM mpoctpaHctBe Cla,b], sBisercs

C)KMMAIOIIUM U, CJIeIOBATENIbHO, UMEET MECTO JIOKa3aHHas B MpeAbIAylIeM mnaparpade TeopeMa
0 HEMNOJBM)XHOM TOYKE.

1
Teopema. Ecnu |/1|<— (rakme A Oyaem Ha3pIBaThb «MaJBIMU»), TO
M(b-a)

HEoHOpOoAHOE ypaBHeHHe Ppenronpma 2-ro pojga UMEET, U MPUTOM €IMHCTBEHHOE, PEIICHHE
Ui 11000 HenpepbiBHOW hyHKIMK f(x) € Cla, b], npuuem 3T0 pelieHue MOXXeT ObITh HallZICHO

METOIOM ITOCJIEI0BATEIbHBIX MPUOIKCHHH.
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CnencrBue 1. Ecmnn |/1| < , TO OJHOPOJHOE YpPAaBHEHHE HMEET TOJbKO

M(b—-a)
TPUBUAIILHOE PEILICHUE.
1
CnencrBue 2. Ha wuHTepBaie 0<|/1| <———— HEeT XapaKTEePUCTUUYECKUX YHCEN

M(b-a)
uHTerpagbHoro omeparopa 4. Ecam y omeparopa A ecTh XapakTEpUCTHYECKHE UYHCIIA, TO
1

| ‘min

T M@b-a)
PaccmoTpuM MeTon mocse10BaTenbHbIX TPUOIMKEHUH B TAHHOM CIIydae.
Ilycts y,=0, y,, =44y, +f, n=0,1,2,... Torna:

D)y = A[K(x,5)-0-ds+ f(x) = f(x);

2) y, = A[K(x8) f(s)ds + f(x);

3)
vy =2 ?K(x,f)(lfK(f,s)f(s)dsjdf Y ATK (xs) f(s)ds + f(x) = 2 ?[bK<x,§)K<§,s)d§) F(s)ds +
K, (x,s)
+ AJK (x,8) f(s)ds+ f(x), rire  K,(x,s) - HOBTOPHOE (UTEPUPOBAHHOE) AAPO.

[ponomxkas npouece, nomydum  y, = f+AAf + VA f+. .+ XA f+ 24" f,

b
rne A" — uHTerpaibpHbIl omepaTop ¢ MOBTOPHBIM siapoM K, (x,s)= .[ Kx,&)K, (&,s5)dE,
a
n=23,., a K (x,5)=K(x,s).
Msbl yke noka3anu, 4TO IOCIENOBATEIbHOCTh ), WMEET Ipelesn ), SBISIOLUiics
peleHreM HHTETPAIbHOTO YPaBHEHUS, IpHUeM ) TpeicTaBisercs psaaoM Heiimana:
V= fHAAf+ VA f+. . 41 A" f+...
[TonmyueHHBII pe3ynbTaT MOXHO MPEACTaBUTH B omepaTopHoil ¢opme. Ilpu «Mambix» A

PCIICHHUEC HWHTCTPAIBHOTO YPaBHCHUA CYHWCCTBYCT W CIAWMHCTBCHHO. Ecimu MpBI nepenrumemM
ypaBHeHue y=AAy+ f B Bune (I —AA)y=f, TO U3 IOKA3aHHOTO CJIEAYET CYyIIECTBOBAaHUE

00paTHOTO oOIepaTopa, ONpeeNeHHOro Ha BceM mpocTtpanctBe Cla,b]: y=(I—-1A4)"f.
ITokaxxeM, 4TO 3TO BBIpA)KEHHE MOXKHO 3amucath Kak y = f + AR, f, rae R, - UHTErpanbHbIN

OlepaTop C HENPEephIBHBIM IO MEPEeMEHHBIM X,s sapoM R(x,s,A) (pe301bBEHTOI), T.e.
b
y =f+ﬂjR(x,s,l)f(s)ds, um (I —-AA)" =1+ AR,.
Jlokaxkem, uto pax K, (x,s)+AK,(x,s)+..+ A" K (x,5)+... CXOHZMTCS PaBHOMEPHO
%{_/

=K (x,s)
OTHOCHUTEIILHO X, s €[a,b].

1) K, (x,5)| = |K(x,5)| <M ;

2) K, (x,9)| < [|[K (0, ) [K (&,9) dE < MP (b-a);
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n) K, (x,s)|<M"(b—a)"";

Orcioma |77 K, (x.9)|<(AM(b-a)) "M, e 0<q=[AM(b-a)<1.
A

n—1

q

Ilo mnpwm3naky Belepmrpacca HKIIMOHAJIBHBIN  PAO AT K X,8) CXOIUTCS
p y pmTp y p n

n=1
PaBHOMEPHO, TIOCKOJIBKY OOIIMN YJIEH ATOTO Psiia MAKOPUPYETCsl OOIIKUM WIEHOM OECKOHEYHOMH
yObIBaromeii reometpudeckoil nmporpeccun. O6o3naunm K (x,s)+AK,(x,s)+...= R(x,s,4). B
CHJIy DPaBHOMEpPHOM CXOAMMOCTH pe30jbBeHTa R(x,s,A) HeNpepplBHA IO COBOKYIHOCTH
MEepPEMEHHBIX (X, 5).
M
1-|A|M (b-a)
B cuity paBHOMEpHOH CXOAMMOCTH 3alMCaHHOTO BhINIE (DYHKIIMOHAIBHOTO Psia MOKHO

MIOMEHATb MECTAMU HMHTETPUPOBAHME U CYMMHPOBAaHUE M 3alKMCaTh PELICHUE HMHTErPAIBLHOIO
ypaBHeHus Ppenroabma 2-ro poaa B BUIE

$(6) = () + A[R(x,5,2) f (5)ds.

CyMMupysi reOMeTpUYECKYI0 IPOTPECCHI0, TOTYYaeM OLEHKY |R| <

PaccmotpuM Teneph BOMPOCH KOPPEKTHOCTH MAaTEMAaTHMYECKOW IMOCTAHOBKM 3a/1auu
pemienus ypaBHeHus @Ppearonbma y=AAy+ f id «manbix» A TpU YCIOBHM, YTO 3TO

ypaBHEHHE paccmaTpuBaercs B poctpanctse Cla, b].

Heo0xomuMo 0TBETUTH Ha TPHU BOIIpOCA:
1) CymiectBoBaHuE peLICHUS.
MBI noka3zaim, 4To pelieHre CyImecTBYeT JIs JIFo0oi HenpepbhlBHON QyHKIMU f(X) .

2) EnuHCTBEHHOCTD PEIICHHUS.
MBI noKa3anu, 4To pelieHne eTUHCTBEHHO.
3) YcroitunBocTh (HempepbiBHass B mpocTtpaHcTBe C[a,b] 3aBHUCHMOCTh PEIICHUS OT

HEOJHOPOIHOCTH f(X)).
Hokaxem yctoidumBocTh. Ilycth 3amanbl  "TouHas" HEOAHOPONHOCTH [ U

"Bo3myIieHHas" (3a1aHHAast ¢ OIIMOKO) f = f+0f . Ilo mokazaHHOMY BBIIIE U IS "TOYHOM",
U Ui "BO3MYILICHHOW" HEOAHOPOTHOCTEH ypaBHEHUS Yy =AAy+f u y=AAy+ f wumeror
peleHusi, IpeACcTaBUMbIE C TOMOIIBIO PE30JIBBEHTHOTO OMepaTopa. 3anuileM UX pa3HOCTh
~ b ~
y_y:f_f+/1..‘R(ana/1)(f_f)dS'
M —_—
1-|A| M (b—a)

Ecnu ||5 f || — 0, T0 M ||5 y|| = ||}— y|| ctas] 0, T.e. MBI JOKa3aJl HEMPEPBIBHYIO 3aBUCHMOCTb

R

Harce [Ty, <7 1], +AIMc@b-a). e |R]<

peleHust OT HEOAHOPOAHOCTH B HopMme mnpoctpanctBa Cla,b]. bonee Ttoro, momyueHHOE
HEPAaBEHCTBO MO3BOJISIET IMOJYYUTh OLEHKY IMOTPELIHOCTH PEIICHUs, €CIM HM3BECTHa OIIEHKa
MOTPEIIHOCTH HEOTHOPOAHOCTH.

CrnenoBarenbHO, BCe TpU TpeOOBaHUS K KOPPEKTHOCTH PELIEHHs JTaHHOTO ypaBHEHMS
BBIMIOJIHEHBI, M 3ajada pemieHus ypaBHeHus @Opearonmbma 2-ro poaa ¢ “mambiM A~ B
npoctpanctBe Cla,b] KoppekTHa (KOPPEKTHO MOCTABJICHA).

Jlokaxxute caMOCTOSITENIBHO, YTO NPU TEX K€ YCIOBUAX 3Ta 3ajada KOPpPEKTHAa U B
npocTtpaHctse hla,b].
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§11. JluneiiHoe ypaBHeHHMe BoabTeppa 2-ro poaa.

PaccmotpumMm ypaBHeHue Bosbreppa 2-ro pojna B ornepatopHoi popme y =AAy+ [, rae
oneparop 4 UMEET BUJL

Ay:/ij.K(x,s)y(s)ds, x,s €la,b].

Anpo K(x,s) - HENpEpHIBHO 110 COBOKYIHOCTU NEPEMEHHBIX Ha CBOEH TPEyroJIbHOMN
obmactu ompeneneHuss A ={x,s:a<s<x<b} W HE paBHO HYJIO TOXIECTBEHHO, f(x) —
HenpepbiBHAA HA [a,b] (yHKIHS.

JIoKaXuTe CaMOCTOATEIBHO CIEAYIOIIHE YTBEpKICHUS (IEHCTBYS aHAJIOTHYHO
IIPOBEJICHHBIM PaHEE JOKa3aTeIbCTBaM COOTBETCTBYIOIINX CBOWCTB onepaTopa ®Opearonbpma):

1) Ecm y(s) - HempepbiBHas Ha  [a,b] ¢yHKusA, 10  z(X) ='[K(x,s) y(s)ds -

HenpepbIBHAA HA [a,b] QyHKIMS, T.€. MOKHO paccMaTpuBaTh onepaTop A Kak JAeHCTBYIOLIHI B
npoctpanctBax Cla,b]— Cla,b] vnm hla,b]— h[a,b].
2) UnrerpanpHelii onepatop Bosbreppa sBiseTcs BIOJIHE HENPEPBHIBHBIM IIPU ACHCTBUHU:

hla,b]l—> Cla,b], h[a,b]— hla,b].

[TokaxeM, 4TO MHTErpajgbHOE ypaBHeHHME BonbTeppa 2-ro poma MOXHO pemaTth s
T000ro A METOJIOM MOCieIoBaTeIbHBIX pHOIKeHui npu mrodoit  f(x) € Cla, b], T.e.

Yon=AAy, +f, ¥, € Cla,b]

Ompenenum omepatop D: Cla,b]— Cla,b] cnenyrommuum o0pa3om: sl JTH000TO
ve(la,b] Dy=AAy+ f. llokaxem, uto oneparop D (BooOIe TOBOPs, HE CKUMAIOIIU)
00l1azaeT TeM CBOWCTBOM, YTO HEKOTOpas ero cTemneHb - omepaTop D' - cxxumarommit
(HaTypajbHOE YMCIO kK 3aBUCHUT OT A, HO HE 3aBUCHUT OT [ ).

Teopema. [{ns mob6oro A CymecTByeT HaTypalnbHOe umMcio k Takoe, uto D -
CKUMAIOIIUN OTIepaTop.
JokazarenscTtBo. Bo3bMeM nBe HenpepbiBHblE QyHKIMH Y, (x) U y,(x). Onpenenum

z,=Dy,, j=1,2,torna |zl(x)—zz(x)| :|Dy1 —Dy2| :|/1||Ayl —Ay2|.

O603HaunM max |K (x,s)| =M . VilmeeT MecTO HEpAaBEHCTBO

x,5€A
|Ay1 _Ay2| = _[K(x,s)(yl(s)—yz(s))ds S]M(x_a)”yl _y2|C[a,b]'
Orcrona
||Ayl _Ay2|c[a,b] SZu(b_a)”yl _y2| Cla,b]
u
||Dyl _Dy2|C[a,b] S|/1 |M (b_a)”y1 _y2|C[a,b]'
Hanee
X M2
|DZJ’1_D2J’2 < A2 IK(X’S) (Ayl—Ayz) ds S|ﬂ“|2 X (x_a)z ||y1_y2|C[a,b]S
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|z| — (b-ay ||y1—y2|

Clab] >

cJIeOBaTEIIbHO, HD yw—-D y2H | (b a)’ ||yl J’2|| Clab]

HD = D"y2H

A2 _y2||C[a,b]'

Cla,b]

(q.)

" M"
—(b a)". Scuo, uto mia moboro A g, >0 mpu n— o,

O6o3HaunmM ¢, = |

IIO3TOMY, IIpU JOCTaTOYHO GOHLHJHX 1 BBINOJHEHO HEpaBeHCTBO ¢, <1. B kauectBe k&

n
BbIOEpEM MHHHUMAJIbHOE HATypaJbHOE 7, IPH KOTOPOM |/1| Torma uro D* -

cxuMaromui oneparop. Teopema gokasaHa.

Teneps MBI MOXEM NPUMEHUTh TEOPEMY O HENOABI)KHOM TOYKE, JOKA3aHHYIO B KOHIE
naparpada 9 v NoJy4YuTh CIEICTBHUS.

Caencteue 1. Ilpu mobom A onHoponHOE ypaBHeHHE BonbTeppa 2-ro posia UMEET TOJIBKO
TPUBHAJIBHOE PELICHHUE.

CaenctBue 2. Oneparop Bonbreppa He UMEET XapaKTEPUCTUUECKUX YHCEI.

Takum oOpa3oM, onepatop BousbTeppa sBiseTcs NpUMEPOM BIIOJHE HENPEPHIBHOIO
oreparopa, He MMEIOLIEr0 HU OJHOTO XapaKTepPUCTHYECKOro yucia (HEeTpyIHO MoKas3aTb, YTO
onepaTtop BonbTeppa BrosiHe HenpepbIBHbIN U3 Ala,b] B hla,b], HO HE caMOCONPSKEHHBIN).

Cnencreue 3. Pemenue ypaBHeHuss BoapTeppa 2-ro poja MOXKHO HAWTH METOJOM
II0CJIEI0BATENbHBIX MPUOIMKEHUH, KOTOPBII B JaHHOM Cilydae HasblBaeTcsi MeTozioM [lukapa.
Jnst moboro HauanpHOro npubimkenus y, € Cla,b]

Voo =A[K(s) () ds+ f(x),  n=012,., wm ., =Ady, +f.

Ecmu y, =0, To nomy4aem psa Helimana: y= f+AAf+ 2V A° f+.. .+ A" f+...

DK3aAMEHANMOHHBIE BONIPOCHI

1) Onpenesienuss 1 GOpMyJTHPOBKH TeOPeM.

1. CdopmynrpoBats onpeneieHne CKUMAIOLIEero oneparopa.
CdopmynupoBath onpesielieHre HETOABIKHOW TOUYKH OTIepaTopa.

3. CdopmynupoBath T€OpeMy O CyIIECTBOBAHWH HEMOIBIKHON TOUKH y CKHUMAFOIIETO OIMepaTopa.
Kak MOXHO HAlTH HETIOJBMIKHYIO TOUKY?

4. 3anmcaTh METOJ TOCIEIOBATEIbHBIX TNPUOIKEHUN PpEIICHUS WHTETPAIbHOTO YPaBHEHUS
®penronsMa 2-ro pojia ¢ «MaJIbIM» A.

5. CdopmynupoBats onpeaeneHre IOBTOPHOTO (MTEPUPOBAHHOTO) sIIpa MHTETPAIBHOTO OIepaTopa
O®penronpMma. SIIpoM Kakoro HHTETPAIHHOTO OMepaTopa OHO SBISIETCS?

6. CdopmynarpoBaTh TECOPEMY O Pa3peIIMMOCTH HHTETPABHOTO ypaBHEeHHs BonbTeppa 2-ro poza.
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10.

11.

12.

13.

14.

15.

16.

17.

YTBepikaeHus U TeopeMbl, KOTOPble HE00X0ANMO YMeTh 10KA3bIBATh.
Teopernueckue 3axaqu.

Jlokaszarh TEOPEMY O CYILECTBOBAHWHU HEMOABUKHON TOYKH y CKUMAIOILETO OEpaTopa.
Jlokaszath TEOpPEMY O CYLIECTBOBAHWH HEMOBIIKHOM TOYKH Yy OIEpaTopa, HaTypalbHas CTEIEHb
KOTOPOTO SIBJIAETCS CKUMAFOIIAM OIEPATOPOM.

Jloka3aThb, 4YTO CHKMMAIOIINIA OTIEPATOP SIBJISAETCS HETIPEPHIBHBIM.

Jlokaszatp, 4TO €CIM A «Mayo», TO HEOTHOPOAHOE ypaBHeHHEe DpenroipMa 2 poma HUMEET, U
IPUTOM €IMHCTBEHHOE, pelleHne is 1000 HenpepbiBHOM Gpyukiuu f(x) € Cla,b], npuuem
9TO pelIeHHe MOKET ObITh HANICHO METOIOM TOCIIEI0BATEIbHBIX TIPHOIHKECHUH.

Jlokasarh, 4TO €CJIM A «Majio», TO OJAHOPOAHOE ypaBHeHHE Ppearonbma 2 pojaa UMEET TOJIBKO
TPUBHAIBHOE PEIICHHUE.

Hoxkazatb cxoaumocTs psina HeiimaHa jyist pelieHusi HHTErpaibHOrO ypaBHeHus Opearoiabma 2-
0 poJia ¢ «MaJbIM» A U MOJYYHUTh BBIPAKEHUE JJISL PE30JILBEHTHL.

Jloka3aTh, 4TO WHTETPAIBHOE YpaBHEHHE THIAa BoibTeppa WMEET W IMPUTOM EIMHCTBEHHOE
pelieHne s 000i HenpepbIBHOM QyHKImu f(X) .

Jloka3aTh, YTO OJHOPOJHOE WHTErpajJbHOE YypaBHEHHE THUIA BoibTeppa WMEET TOJBKO
TPUBHAIIBHOE PEIICHHUE.

Jloka3aTh, YTO MHTETPABHBIN oneparop MpearoabMa, YMHOKEHHBIM Ha «Majoe» A, SBIAETCS
cxumaromum nipu aeicreuu 8 Cla, b] .

Onpenenum omnepatop D: Cla,b] — Cla,b] cnenyromum obpaszom: mis moboro y € Cla,b]
Dy=AAy+ f,tne A — uarerpanbHbIil oneparop Bonbreppa ¢ HenpepsIBHBIM sipoM, f(X) —
HenpepbiBHas Ha [a,b] dynkuua. Jlokasars, 4ro s 1000ro A CyIIecTByeT HaTypajibHOE
ancno k Takoe, uro D' - cxumarommii oneparop.

JlokasaTh, 4T0 ecia omepatop [ neHcTByeT B IMOJHOM HOPMHUPOBAHHOM IPOCTPAHCTBE, a
oepatop D* (k — HaTypanbHOE 4KCII0) CKUMAOIIHIL, TO HEMOABIKHBIE TOUKU OIepaTopos D u

k

D" coBmnaparor, u3 4ero cueayer, 4to omeparop ) HMMeeT €IMHCTBEHHYIO HETOIBIKHYIO
TOUKY.

Jlokazath, 4TO MHTErpajibHbIi oneparop ®pearonbma, aeiicreyrommii B Cla,b], He umeer

xapakTepuctuueckux uncen va uarepsaie (0, 1/(M(b-a)), rme M = max |K (x,s)|.

x,s€la,b]

Jloka3aTh, 4TO HMHTErpaibHBIA onepatop Ppearonbma, neictByrommid B A[a,b], He umeer

xapakTepuctuueckux uncen Ha uarepsaie (0, 1/(M(b-a)), rne M = max |K (x,s)|.

x,s€la,b]
Jloka3aTh, 9T0 MHHEMAJIBHOE TI0 MOJYJIFO XapaKTEPUCTHUECKOE YKCIIO HHTErPAILHOTO OIlepaTopa
. 1
®penronbma, aeicteyromero B Cla,b], yaoBieTBopsier HEPaBEHCTBY |/1min Zm, rae

M = max |K(x,s)|.

x,s€la,b]
ﬂOKa3aTL, 4YTO MUHUMAJIbHOC 1O MOAYJIIO XapaKTECPUCTUUCCKOC YUCIIO UHTCIPAJIBHOI'O OII€paTopa

1

> -
Mb-a)

®dpenronema, aeicTByromero B Ala,b], yooBieTBopseT HepaBEeHCTBY |/1

(&

min
M = max |K(x,s)| .

xsela,b]
Jlokaszathb, YTO MHTETPAJbHbIN onepaTop Bosbreppa, aeiictBytommii B npoctpanctee Cla,b], e
UMEET XapaKTEPUCTUUECKUX YUCEIL.
Jloka3zathb, 4TO MHTETPAIBbHBIN oriepatop Bombsreppa, neiictByrommmii B mpoctpanctee /h[a,b], He
UMEET XapaKTePUCTUUIECKUX YHCEI.

44



